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Abstract— A detailed performance analysis for the most impor-
tant diversity receivers operating over a composite fading channel
modeled by the Generalized-K (K¢) distribution is presented.
The K¢ distribution has been recently considered as a generic
and versatile distribution for the accurate modeling of a great
variety of short term fading in conjunction with long term fading
(shadowing) channel conditions. For this relatively new composite
fading model, expressions for important statistical metrics of
maximal ratio combining (MRC), equal gain combining (EGC),
selection combining (SC) and switch and stay combining (SSC)
diversity receivers are derived. Using these expressions and by
considering independent but not necessarily identical distributed
fading channel conditions, performance criteria, such as aver-
age output signal-to-noise ratio, amount of fading and outage
probability are obtained in closed form. Moreover, following the
moments generating function (MGF) based approach for MRC
and SSC receivers, and the Padé approximants method for SC
and EGC receivers, the average bit error probability is studied.
The proposed mathematical analysis is complemented by various
performance evaluation results which demonstrate the accuracy
of the theoretical approach.

Index Terms— Generalized-K distribution, multipath/shadow
fading, bit error probability (BEP), outage probability, maximal
ratio combining (MRC), equal gain combining (EGC), selection
combining (SC), switch and stay combining (SSC).

I. INTRODUCTION

N terrestrial and satellite based land-mobile telecommuni-

cation systems, radio signals propagate according to the
mechanisms of reflection, diffraction and scattering, which
in general characterize the radio propagation by three nearly
independent phenomena: Path loss variance with distance,
shadowing (i.e., long term fading) and multipath fading (i.e.,
short term fading) [1]. Multipath fading is introduced due
to the constructive and destructive combination of randomly
delayed, reflected, scattered and diffracted signal components,
while shadowing affects the link quality by slow variation
of the mean level [2]. In many cases multipath fading and
shadowing occur simultaneously. This composite propagation
environment consists of multipath fading superimposed by
lognormal shadowing, resulting in lognormal based fading
models, such as Rayleigh-, Ricean-, or Nakagami-lognormal
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fading channels [2]. However, such lognormal based fading
models are analytically very difficult to handle and there-
fore rather complicated mathematically expressions have been
derived for the performance of digital communication sys-
tems operating in such environments, e.g., see [3], [4]. An
alternative approach is to employ the Gamma distribution,
which is mathematically a more versatile model and also
accurately describes fading shadowing phenomena [5]. Based
upon the Gamma distribution, several generalized distributions
have been proposed serving useful composite fading channel
models, e.g., the K [6], [7], the Generalized-K (K¢) [8], [9]
and the generalized-Gamma (GG) [10], [11]. Among them,
the K distribution, which includes the K distribution as a
special case, accurately approximates a great variety fading
and/or shadowing models [6], [8].

In the past, relatively few contributions concerning digital
communications over K fading channels have been pub-
lished, e.g., [8], [9], [12]-[14]. In [8] the K distribution was
introduced as a generalized fading/shadowing channel model
and the performance of coherent binary phase shift keying
(BPSK) was evaluated in such a fading environment. In [9]
the outage probability (FP,,;) performance, with and without
cochannel interference, was evaluated for K channels. In the
same reference, the derived P,,; was compared with the P,,;
obtained by using Nakagami-lognormal model, thus verifying
the excellent agreement between these two fading models. In
[12] an analytical approach for the performance evaluation in
a K fading channel was presented and the average bit error
probability (ABEP) for differential binary phase shift keying
(DBPSK) and the P,,; have been obtained. In [13], [14] a
unified performance analysis of various families of modulation
schemes and receiver structures operating over K fading
channel has been presented.

On the subject of diversity, it is well known that it is one
of the simplest and yet most efficient techniques to overcome
the destructive effects of fading and shadowing in digital
communication systems [1], [2]. The most important diver-
sity reception methods employed in digital communication
receivers are maximal ratio combining (MRC), equal gain
combining (EGC), selection combining (SC) and switch and
stay combining (SSC) [2]. Their performance depends on
the characteristics of the multipath fading envelopes. Past
works concerning diversity over composite fading distributions
can be found in [4], [10], [15]-[17]. In [4], the land-mobile
satellite channel is modeled as a weighted sum of Ricean
and Suzuki distributions and performance evaluation results
for M-ary phase shift keying (PSK) and M-ary differential
phase shift keying (DPSK) with micro-diversity reception have
been presented. In [10], expressions for the P,,; of a dual-
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branch SC receiver over correlated GG fading channel have
been derived. In [16], upper bounds for the bit error outage
in Rayleigh fading and Nakagami shadowing were obtained.
In a very recent paper [17]!, the performance of SC and
MRC was evaluated for the K fading channel. However,
the results presented in [17] are limited as only the amount
of fading (AoF) and the ABEP of BPSK, in terms of integral
representation, have been derived. Hence, to the best of our
knowledge, a thorough performance analysis for the various
diversity receivers over K fading channels has not yet been
published in the open technical literature. Motivated by this
observation, the purpose of our current contribution is to
present an analytical study for the performance of MRC, EGC,
SC and SSC diversity receivers operating over K fading
channels.

Its organization is as follows. After this introduction, in
Section II, the K¢ fading model is introduced. In Section III,
the most important performance analysis criteria for the
different diversity receivers under consideration are studied.
In Section IV several numerical performance evaluation
results are presented and discussed. Finally, concluding
remarks are given in Section V.

II. THE K FADING MODEL

Let us consider a diversity receiver operating over a Kg
fading channel. The equivalent complex baseband received
signal at the ¢th (¢ = 1, 2,...,L) branch is z; = s hy + ny,
where s is the transmitted complex symbol with energy E; =
E(|s|?), where E(-) denotes expectation and |-| absolute value,
hy is the channel complex gain and ny is the complex additive
white Gaussian noise (AWGN), having single sided power
spectral density Ny assumed to be identical in all branches.
Let the fading envelope, R; = |h¢|, be a K random variable
(RV) with the following probability density function (PDF)
(13]

(me+k)/2
4m
IR (:L‘) = £ (metk)/2
L (me) T (k) Q,
1/2
% xmz-‘rk—lKk_mZ lz (g_j) x] , x> 0.

ey

In the above equation k, my are the two shaping parameters,
Kj_m, () is the (k — myg)th order modified Bessel function
of the second kind [18, eq. (8.407/1)], ' (-) is the gamma
function [18, eq. (8.310/1)] and €, is the mean power obtained
as Q = E(R?)/k. By using different values of m, and £,
(1) can describe a great variety of short-term and long-term
fading (shadowing) conditions, respectively. For example, as
k — oo, fr, (x) approximates the well known Nakagami-
m fading channel model, while for my = 1 it becomes
the K -distribution and approaches Rayleigh-Lognormal (R-L)
fading/shadowing channel model [6], [8]. It is also noted that
as my — oo and k — oo, (1) approaches the AWGN (i.e., no
fading) channel.

IWe became aware of this publication after the initial submission of our
paper in May 2006.
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For the diversity techniques considered it is assumed that
the distance among the diversity branches is small, i.e., micro-
diversity is studied. Furthermore, it is well known that shadow-
ing occurs in large geographical areas. Thus, it is reasonable
to assume that the shadowing effects are not decorrelated so
that the shadowing parameter k can be assumed equal for all
diversity branches [4].

III. PERFORMANCE ANALYSIS OF THE DIVERSITY
RECEIVERS

In this section important performance criteria for the diver-
sity receivers under consideration operating over independent
but not identical distributed (i.n.d.) fading conditions will be
studied. Since the instantaneous signal-to-noise ratio (SNR)
per symbol of the (th receiving branch is v, = RZ E, /Ny, the
corresponding average input SNR will be 7, = Qy k E,/Ng.

A. Average Bit Error Probability (ABEP)

In order to obtain the ABEP for a large variety of modula-
tion schemes, the moments generating function (MGF) based
approach will be used [2], [19]. Therefore, the MGF of the
signals at the output of the diversity receivers will be obtained.

1) Maximal Ratio Combining (MRC): Defining 7y, as
the total SNR per symbol at the output of a MRC receiver,
the MGF of ~,,,. can be easily obtained as M., .(s) =
17, M., (s), where M., (-) is given in [14, eq. (4)].

2) Equal Gain Combining (EGC): For the EGC receiver
is very difficult, if not impossible, to derive a closed-form
expression for the MGF output SNR. Instead, it is more conve-
nient to use the Padé approximants method, [20], to accurately
approximate the MGF and eventually obtain the ABEP. The
Padé approximants can be employed if an expression for
the moments output SNR is known. For the EGC such an
expression can be obtained as follows.

The total conditional SNR per symbol at the output of

2
the EGC combiner is ~ege = [Es/(LNo)| E (zle Rg)

[1], while its nth order moment s, . (n) = E{y.), is

Poyege(n) = IE<[E3/(LNO)]" (Zle R5)2”>. Hence, by

substituting vy = RZEs/Np, using the multinomial identity
[21, eq. (24.1.2)], and after some straight-forward mathemat-
ical manipulations yields

(2n)!

2n L )
.u“"chc (n) = 7 Z M (2)

N1 MaTL n1!n2!-~-nL! ’
nit+nz+--+np=2n
where (i, (-) is given in [14, eq. (5)].
3) Selection Combining (SC): Similar to the EGC receiver,
the Padé approximants will be also employed to obtain the
ABEP of the SC. Let v, denote the SNR per symbol at
the output of the SC receiver. The cumulative distribution
function (CDF) of 7y, F, (), is mathematically expressed
as .. (v) = HeL:1 F,, (), where F.,(-) is given in [14, eq.
3]
In principal, for any L, the PDF of 4. can be obtained by
differentiating F,__ () with respect to . However, even for
small values of L (e.g., L > 3) such differentiation is very
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complicated and does not lead to closed-form expressions for
the moments. Thus, the case of L = 2, which is of most
practical interest, will be considered here yielding
fo(y) = n2 esc [m(k —mq)] esc [m(k — ma)]
e D(m)T(ma)T (1)? 3
X Hg (2)H1 (1)7‘[2 (1)7‘[1 (2),

where

M™eT(myg) 1 Fa(me; 14+ me, 1 — k+my; Zy)
Il +mg)I'(1 — &k +my)

_ :k’y’“ Tk)1Fa(k; 1+ Kk 1+ k—mg;Z07)

Ha(l) ==

—t T(1+k)T(1+ k& —my) ’
—me Y™ o Fi(1 =k +my;Een)
0 =2
Ha(l) = =4 (1 —k+ my)
Y T o (k- mesEey)
—t D(1+k—my) ’

with = = kmy/7, and ,F,(-) being the generalized hyper-
geometric function [18, eq. (9.14/1)], where p, g are integers.

By substituting (3) in [E(y%), using [21, eq.
(07.22.26.0004.01)], [21, eq. (07.17.26.0007.01)] and
[21, eq. (07.34.04.0011.01)], the nth order moment of ~,,
[r,.(n), can be obtained in closed form as

72 ese [m(k —mq)] ese [m(k — ma)]

/"L'Ysc(n) = F(ml)r(mZ)F(k)Q (4)
X g(m17 k7m2> ky 1) g(k>m17m2> k7 1)
X g(m27kam1a k7 _1) g(k7m2am17ka _1)a
with
= =y en
=—= (T
g(x7yazaw’£) x(m—y)' { (I+Z+n)

_\¢
»Fy {x—i—z—l—nmw—i—x—&—n 1+z—y, 14z (%)}

. (—1)=+*+T(1 —w—z —n)
—T(x+w+n)
Y
oy {x—kw—‘—nxz—kx—‘—n 14z —y, 1+ x; (;—)}
% (C1)eta+nl(1 =z — 7 —n) }

4) Switch and Stay Combining (SSC): In the case of SSC
the MGF based approach can be employed as follows. Let v,
denote the SNR per symbol at the output of a SSC receiver
and yr the predetermined switching threshold at both diversity
branches. The CDF of vssc, F,..(7), is given by [2]
(),

(PP /(P1 + P2)] ;2:1 v <A1

[Png/(Pl + )]

Fy..(v)=
XZ e ( +F’Yz( )/ Pe—= 1],y > 7
&)
where Py = F., (yr). By differentiating (5) with respect to ~,
the PDF of SSC can be obtained as
2
Pi’hrpﬁz Z fw (7)7 v < T
freee (V) = = ©)
Pty 2 S () L+ 1)),y > yr
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where f,,(-) is given in [14, eq. (2)].
Substituting (6) in E{exp(—svyssc)), the MGF of ~sqe,
M.,,..(s), can be expressed as

2

P1P2 M (S)
M, (s) = [MMH d
. Pl + PQ i_zl . v P[ (7)
-5 exp(—57) fr, (7)dy
4

The above definite integral can be evaluated, in a straight for-
ward way, via numerical integration. Moreover, the optimum
value of 7, 7, minimizing the ABEP can be obtained by
numerically solving [0P(E)/6~r]| =0 [2, pp. 428].

V=TT

B. Average Output SNR (ASNR) and AoF

Using the previously derived expressions for the EGC (see
(2)) and SC (see (4)) moments, the ASNR and the AoF
(AoF = pu2/p? — 1) can be obtained. For MRC and SSC
the moments will be derived next.

1) MRC: 1t is well known that v,,,. equals to the sum
of the individual diversity branches SNRs [1], i.e., Ymre =
25:1 ~¢. Following a similar procedure used in deriving (2),
the nth order moment of v,,,. can be obtained as

)= 32 330t T )
ny= O’ILQ 0 nrp=
nit+na+--+np=n

®)

2) SSC:  Using (6) in E(vZ.) and [21, eq.

(03.04.21.0007.01.30)] and after some mathematical

manipulations the nth order moment of Vese, fiv,.. (1),
is expressed as

2
PP ( 1 )
1+
3 o (144

mesc [m(k —mo)| V7, — my
- arwwuw>TU47” F(me +n)

><pﬁq(mg—i—n;l—k—&—mg,l—i—mg—i—n;Eg’yT)—

M'yssc(”) =

Eerr)”
xrw+n%ﬁxk+m1+k—wm1+k+m5rwﬂ
)

where pf'q(-) is the regularized generalized hypergeometric
function [21, eq. (07.32.02.0001.01)].

C. Outage Probability (Pyyt)

Since P, is defined as the probability that the output SNR
falls below a given threshold, =, it can be easily obtained
for SC (using F,__ (7)) and SSC (see (5)) as Pout(yen) =
F,(7tn). For MRC and EGC, P,,,; can be mathematically ex-
pressed as Pout (ven) = Fy (yn) = L71 [M+(s)’y

il
Y="th
where £71 (-) denotes inverse Laplace transformation. How-

ever, since there is no closed-form expression available for
the MGF of EGC, as well as, the MGF of MRC does not
lead to closed-form expression for the CDEF, the MGFs are
approximated with Padé approximants. In this way, P,,; can
be easily evaluated by numerical techniques [20], [22].

)
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Fig. 1. Normalized average output SNR (ASNR) of MRC, EGC, SC and
SSC diversity receivers, for L = 2, versus k for different values of mj and
mo.

1) MRC: In the Appendix it is shown that, under the
assumption of independent and identical distributed (i.i.d.)
fading conditions, M., (s) can be represented in a more
compact form as

Mpo(5) = Fm . 1) (:) exn (Z)).

where

(10)

N=0 no=0n1=0
notnit+-+nm-1=N po+pi+-+pr—1= L N
X
ﬂo'ﬂl

(L — N)!
{”

“Nm—1!polp1!- - pr—1!
Nrrk -m)1EN
(k)
m i1 ni k—1 j
1™ 1—k). (—1)7
xH[—, A
o Lilk—m+1) o J'(1 =k +m);
and T = Zznol(lnz) + Z] O(Jp]) + Lm + (k m)N with
(), denoting the Pochhammer’s symbol [18, eq. (9.749)].

By applying the inverse Laplace transform in (10) the PDF
of Ymrc can be obtained in closed form as

P () =F(m, k, L) EHF7/2 07772
11
x 7(7’71)/2 I‘rfl (2 /EL’Yl/Q) , ( )

where I, (-) is the vth order modified Bessel function of the
first kind [18, eq. (8.40)].
Furthermore, F. (7), can be obtained using [21, eq.

Ymre

(03.02.21.0011.01)] as

/2
e (V) = F(m, k L)( LV) I (2@71/2). (12)

X

pPj
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Fig. 2. MRC diversity employing DBPSK and BPSK signaling formats:

Average bit error probability (ABEP) versus the first branch average input
SNR per bit for different values of k and m,.

Clearly, using (12), the P,,; of MRC for i.i.d. fading con-
ditions can be obtained in a straight-forward manner as

Pout (’Yth) = F’ymrc (’Yth)'

IV. PERFORMANCE EVALUATION RESULTS AND
DISCUSSION

Using the analysis presented in Section III, various numer-
ical performance evaluation results will be presented here.
For the multipath channel, the exponentially decaying power
delay profile (PDP) has been considered [23], ie., 7, =
¥, exp [-d(¢£ — 1)], where ¢ is the power decaying factor.
In order to obtain a fair comparison between the i.i.d. and
in.d. fading conditions, the total average input SNRs of the
branches are assumed to be identical for both cases. For the
in.d. conditions, we consider the most general case where
different shaping parameters, my, have been assumed among
the different branches, e.g., my, ma, ..., mg, which for the
i.i.d. fading condition become m = (mq1+ma+---+my)/L.

In Fig. 1, the ASNR for MRC(2,2), EGC(2,2), SC (for
L = 2) and SSC has been plotted as function of the k shaping
parameter and for several values of my. It is depicted that
as k and/or my increase, i.e., the channel fading conditions
improve, the ASNR for SC and SSC is decreasing while for
EGC it is increasing. Moreover the ASNR performance of
the MRC, which is constant and independent of k£ and my,
is always better as compared to the other diversity reception
techniques. Comparing SC and SSC, the later always has worst
performance.

In Figs. 2 - 4, the ABEP is plotted as a function of the first
branch average input SNR per bit, 7, ; = 7; /log, M, for
several values of the shaping parameters my, k and different
receiver structures. Fig. 2 illustrates the ABEP of BPSK
and DBPSK for different values of k£ and m,, employing
MRC(5,5) and MRC(3,3), and for § = 0.5. As expected,
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Fig. 3. EGC diversity employing DBPSK and BPSK signaling formats:

average bit error probability (ABEP) versus the first branch average input
SNR per bit for different values of k and my.
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Fig. 4. SSC diversity employing DBPSK, BPSK and 16-QAM signaling

formats: average bit error probability (ABEP) versus the first branch average
input SNR per bit.

BPSK outperforms DBPSK, and their performance improves
with improving fading channel conditions. Similar behavior is
observed for EGC diversity reception employing these two sig-
naling formats (see Fig. 3). These performance results confirm
that, under the same channel conditions, the performance of a
MRC receiver is always better as compared to an equivalent
EGC by at least 3 dB. In Fig. 4, the ABEP of DBPSK, BPSK
and 16-quadrature amplitude modulation (QAM) of a SSC
receiver for § = 0 and 0.5 is illustrated. Again BPSK has the
lowest ABEP and for the i.i.d. fading conditions the ABEP is
better as compared to the equivalent i.n.d.

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 6, NO. 12, DECEMBER 2007

1F T T T T T T
E m1=1 .5; m2=1; m3=0.5;
I m=1; k=1 ]
. RC
107 F E
~ F 3
3 F ]
%/ - B
> L -
= 10% E .
o F 3
© £ 3
o L ]
o . -
o il ]
S 10° 3
8 / b
8 m=5; m=4; mz=3; ]
m4=4; k=1 -
10* E
—iid. ]
----- i.n.d.]
10-5 : | L 1 L
-10 -5 0 5 10
T/ 7 5,(dB)
Fig. 5. MRC and EGC diversity employing 4 branches: outage Probability

(Pout) versus the normalized outage threshold per bit for several values of k
and my.

In Fig. 5, P,,; is plotted as a function of the normalized
outage threshold per bit of the first branch 741, /7, ;, for several
values of m, and k for MRC and EGC. It can be observed that
as my and/or k increase, P,,; decreases. Additionally MRC
gives always better performance as compared to EGC and by
considering i.i.d. fading conditions, P,,; improves.

V. CONCLUSIONS

The performance of MRC, EGC, SC and SSC diversity
receivers operating over independent but non identical distrib-
uted K fading channels has been analyzed. Novel expres-
sions for the statistics of these diversity receivers, including
the PDF, CDF, MGF, and the moments output SNR have been
derived. Capitalizing on these statistical metrics important
performance analysis criteria for several channel conditions
and diversity receivers structures have been studied. Various
performance evaluation results have been also presented veri-
fying the usefulness of the proposed analysis.

APPENDIX
DERIVATION OF EQUATION (10)

The MGF of MRC for the i.i.d. K fading channel can be

expressed as
B/2 = =
—\w_ o -
) oo (5) woen ()

(BL)/2 =L =\ L
——~\w_ =
) €xp ( 25 ) B8/2,a/2 (S) )

(A-1)

w | [1]

M) = | (

@ | [1]
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where « = k—m and = k+m —1. Using [18, eq. (9.220)],
(A-1) can be rewritten as

=\ (BL)/2 =7
M= (3) e (3
[(—a) ()72 =
-~ (= =\ F |k 1:
T(m) (s) exp | =57 )1 ya+ 15
Do) (2) 2 c o
—‘rm (;) exp —2—5 1F1 m,a—l— 1,
(A-2)

With the aid of the binomial identity (A-2) simplifies to

- £ (O] B

N=0

= Lm+aN - N
X <:) 1P <k;a+1;:> 1 Fi (m;l—a;
s s s
(A-3)

Using [18, eq. (07.20.03.0025.01)], and for positive integer
values of k£ and m, (A-3) can be expressed in terms of finite

o | [1]
N———

L

w | [1]
N———

| [1]

M,,...(s) = NZL_:O <]€r) {% N {%]LN
O Ox

=0
L—N

(=/s)
a+1)

@ | [1]

<.

k‘fl
x exp( )
j=0
(A4)

Making use in (A-4) of the multinomial identity [21, eq.
(24.1.2)] and after some straight-forward mathematical ma-
nipulations, (10) can be obtained.
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