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Abstract. We investigate the orbits of charged particles (electrons) that interact with a 3D-solar
type reconnecting current sheet (RCS). The magnetic field used is a linearized Harris type model.
Particles are accelerated by a super-Dreicer electric field. Taking advantage of the translational
symmetries of the fields, the orbits computation is simplified to integration of the equations of
motion in a Hamiltonian of two degrees of freedom. The application of canonical transformations,
constructed with Lie series, transforms the Hamiltonian to a normal form. The conditions for which
electrons are trapped in the RCS are derived analytically. For escaping particles, the amount of final
kinetic energy gain or loss is described with analytical expressions that are in good agreement with
the numerical results.
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INTRODUCTION
Charged particle’s acceleration occurs in various space environments. One case of par-
ticular interest is the eruption of solar flares. Evidence that particle acceleration takes
place during these events is given by the spectrum of hard X-rays, produced by supra
thermal electron distributions. Such distributions include more high energy electrons
than expected by a Maxwellian distribution of 107 K, which is the temperature of solar
flares plasma [19].

The mechanism that accelerates particles should involve reconnecting current sheets
(RCS). A RCS is a magnetic discontinuty where oppositely oriented magnetic fields
come close in very small length scales. Current sheets are formed spontaneously in
the solar magnetic field [16] in sites of magnetic reconnection [17]. Most magnetic
reconnection topologies involve strong electric fields that are crucial to the effect of
particle acceleration.

The study of particles motion in such magnetic topologies started soon after the
discovery of the Earth magnetotail current sheet, which is responsible for the particle
precipitation in the Earth atmosphere during substorms [17]. As the magnetic field
reversal takes place in length scales comparable to the Larmor radius, one has to solve
the equations of motion in detail in order to study the particle orbits. In the work of
[18] a familly of orbits is found based on an analytical study. Several studies have been
performed, based on detailed analysis of particles interacting with the Earth Magnetotail
(see [3] for a review).
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In the case of solar flares, the same formalism can be applied despite the difference in
the values of magnetic and electric fields, which are much larger in the solar atmosphere
than in the Earth magnetotail. In the solar plasma, particle acceleration can also be
treated as a collisionless process when strong electric fields are present. This is because
the electric field accelerates the particles to large velocities compared to the mean
thermal velocity ([1], [14]).

One the other hand, measurements at the level of the photosphere using vector mag-
netographs [8] have shown that, during the first phase of flares, the magnetic field is
strongly sheared. This suggests the importance of a longitudinal magnetic component,
parallel to the electric field. As in the case of the Earth magnetotail, the perpendicular
magnetic component introduces a perturbation to the particle’s motions [18]. Particle
acceleration in a RCS with non zero shear was investigated in [10], [11], [12]. In these
papers, scaling formulas are derived for the final kinetic energy gain of particles as a
function of the values of the various components of the magnetic field. In [5] and [6],
we studied the behavior of particle orbits by dynamical systems’ methods.

In the following section, numerical simulations are presented in order to show some
characteristics of the electron motion in RCSs. This includes examples of electrons
trapped inside current sheets or of escaping electrons gaining or losing kinetic energy.
Poincaré sections are used to show the nature of the orbits inside the RCS. A detailed
analysis of these phenomena is given elsewhere ([5],[6]).

THE MODEL

The topology of the magnetic and electric fields is given by Eqs (1). The Bx component
represents a first order truncation of the Harris-type configuration, as the variation across
the current sheet is linear. The components along the y and z axes are constant. The
component along the z axis is called longitudinal component and represents the shear of
the magnetic field.

E � �0�0�E�� B � ��y�ξ��ξ��B0 for �y� � 1

E � �0�0�0�� B � ��y��y��ξ��ξ��B0 for �y�� 1 (1)

The RCS extents up to �y� � 1. Beyond this limit, the magnetic field is considered
constant. In our numerical simulations we consider that when a particle reaches this
limit it escapes from the current sheet. The equations of motion of a charged particle
moving in these fields are given by

d2x
dt2 � ξ�

dy
dt
� ξ�

dz
dt

(2)

d2y
dt2 � �ξ�

dx
dt
� y

dz
dt

(3)

d2z
dt2 � ε � ξ�

dx
dt

� y
dy
dt

(4)
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FIGURE 1. Initial conditions of trapped orbits in an RCS with ξ� � 10�2
�ε � 10�5 and ξ� � 0 (no-

shear). Diamonds correspond to the initial conditions of injection �υ �θ � (see text) for which a particle
remains trapped in the current sheet. The solid curve represents an analytical approximation of the trapping
domain developed in [6], which is valid in the no-shear limit (ξ � � 0). The dashed curve represents
a different analytical approximation of the trapping domains based on a low order adiabatic invariant
[5] [6], which is not succesful. b) Same as a) when the shear is strong �ξ

�
� 1�. The second analytical

approximation is now succesful. c) Final kinetic energy of escaping particles against their initial kinetic
energy. The RCS parameters are as in (a). The energy unit is 1�9�10 3 keV.

Equations 2,3,4 are written for a positive charge and are scaled to dimensionless units so
that the electric field is given by ε �mE��qB2

0� whereas the unit of time is the inverse of
the Larmor frequency t �ω�1 �m��qB0�. In this study the magnetic field is B0 � 100 G
and the electric field E � 100 V/m, which corresponds to ε � 10�5. These are typical
values for the fields measured in solar flares (see [14]). Furthermore, except of the total
energy E, a second constant of motion I2 � ẋ�ξ�y�ξ�z, can be derived by integrating
Eq. 2. Using I2 one can derive a Hamiltonian of two degrees of freedom to describe the
particles motion instead of three as in Eqs. (2,3,4).

H �
1
2

p2
y �

1
2
�c4�

1
2

y2�2�
1
2
�I2�ξ�z�ξ�y�

2� εz (5)

where c4 � ξ�x� pz. The new canonically conjugate pairs are �y� py� and �z�c4�, where:
py � ẏ and pz � ż��ξ�x�0�5y2�. The canonical momentum pz is the sum of the velocity
and the magnetic vector potential component (see [5], [6]). Integrating the Hamiltonian
equations using he function H�y�z� py�c4� described by Eq. 5, we performed numerical
simulations presented in the following section.
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NUMERICAL SIMULATIONS

Trapped and escaping particles

We investigated two examples of RCS models with zero shear (ξ� � 0) or strong

shear (ξ� � 1). In our scaled units, the electric field is ε � 10�5 and the perpendicular

component ξ� � 10�2. Particles are initially injected at the center of the current sheet
(y=z=0). The initial velocity orientation is chosen in a range from θ � 0 to π where θ
is the angle of the velocity with the z axis. The dimensionless velocity range is 0 - 0.1,
corresponding to 0-108 m/sec. For several orbits starting with these initial conditions,
particles remain trapped into the sheet (�y� � 1) or eventually escape from it. The
computation of the final kinetic energy provides a measure of the effectiveness of the
RCS as an accelerator.

In Figure 1, the axes refer to a particle’s initial velocity (orientation θ , and magnitude
υ0). Each diamond corresponds to a particle that remained trapped in the sheet until
the end of the numerical integration. In the case of non-shear (Fig 1a) we notice that
orbits are trapped for any value of υ0 as long as 1�7 � θ � π . In the case of large shear,
(Fig 1b), the trapped domain shrinks considerably so that for υ0 � 0�07 particles always
escape from the sheet.

The domain of trapped orbits, defined in the (υ0�θ ) plane can be described by ana-
lytical approximations. This was done in two limits: 1) ξ�� 0 and 2) ξ�� 1 (see [5],
[6]). Both theoretical limits are represented in Fig. 1, the first with a solid curve and
the second with a dashed curve. Each approximation is succesfull in the case where the
corresponding limit holds (case 1 for Fig 1a and case 2 for Fig 1b respectively).

In Fig. 1c, the kinetic energy gain of particles escaping the RCS with strong shear
is plotted against their initial kinetic energy. Two groups of particles are distinguished:
particles gainning or losing kinetic energy. The maximum kinetic energy gain of a parti-
cle can be described with good accuracy from our analytic model (see [5], [6]) shown as
the dashed lines in Fig 1c. In particular, for particles escaping along chaotic orbits, the
minimum and maximum acceleration lengths are provided by the zero velocity curves,
found from Eq. (5) by setting ẏ � ż � 0:

ξ 2
� y2�ξ 2

�z2�2ξ�ξ�yz�2εz � 2E (6)

When ξ� �� 0 Eq. (6) is a parabola open in the half plane y � 0. For y � 1, Eq. (6)
yields two solutions: z � zmin or z � zmax. A particle leaving the sheet from zmax has
the maximum possible kinetic energy gain. If the particle initial kinetic energy is strong
enough, the particle can leave the current sheet from y � �1. In this case the particle
loses kinetic energy (particles in Fig 1c below the diagonal).

Poincaré sections

A useful diagnostic tool for studying orbits is to compute Poincaré sections. In the
present study, Poincaré sections are computed by tracing the crossing orbits on the �ż�z�
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FIGURE 2. Poincaré sections (ż�z) for several initial kinetic energies of particles. The first row of panels
is computed using ξ� � 10�2

�ξ� � 0�ε � 10�5 (as panel a of Fig 1). In the second row ξ� � 10�2
�ξ� �

1�ε � 10�5. The initial particle velocity is indicated in each panel.

plane when y � 0� ẏ � 0. Fig. 2 shows several examples of Poincaré sections computed
for orbits with different initial energies for the same model parameters as in the two
examples of Fig 1.

On the Poincaré section, orbits cannot give intersections outside a limiting curve.
The limiting curve, from Eq. (5), is ż2�ξ 2

��z� ε�ξ 2
��

2 � 2E��ε�ξ��
2 where E is the

energy of the particle. One of the trapped orbits is periodic and intersects the Poincaré
section at a single point. Most other trapped orbits intersect the Poincaré section in a
way forming KAM curves ([13],[2], [15]) which are either closed, around the periodic
orbit (Figs 2a,b,c) or elliptic arcs that intersect the limiting curve (Figs 2d,e,f). The KAM
curves determine the region of non-chaotic motion where particles follow either periodic
or quasi-periodic orbits. Between the last KAM curve and the limiting curve lies a large
chaotic region. Chaotic orbits explore all the available phase space between the last
KAM torus and the zero velocity surface. The KAM curves cross the z� 0 axis in Fig 2,
so that trapped orbits of Fig 1 starting at y � z � 0 correspond to KAM curves. In the
case of no shear (Figs. 2a,b,c) the Poincaré section shows a region of regular motion
organized around periodic orbits, surrounded by a chaotic domain. In this case, only
chaotic particles escape from the sheet. The last KAM curve, which separates the two
domains, is tangent to the limiting curve. As we increase the initial particle velocity, the
area included in the limiting curve increases. For strong magnetic shear, (Figs. 2d,e,f)
the morphology is very different. KAM curves cover all the available area, and they form
elongated elliptic arcs that intersect the limiting curve. This results in that particles can
escape form the sheet along regular orbits, when the corresponding KAM torus intersects
the planes y�1.
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THEORETICAL ANALYSIS

The existence of regular orbits forming KAM curves on the Poincaré surfaces is a
manifastation of the existence of a third constant of motion (named J �1) besides E� I2.
J�1 is preserved along regular orbits but not along chaotic orbits. J �1 corresponds to an
adiabatic invariant of the particle bouncing inside the magnetic trap (see [9] Chapter
2.3). In [5] J�1 is computed as a series in the parameters ξ��ξ��ε . The initial Hamiltonian

is transformed into a normal form using Lie series. For ξ� � 1, the expression for J�1 is
simplified and one can compute the KAM curves as well as the shape of the trapping
domain for (see [5], [6]).

For ξ� � 0, the last KAM is an ellipse which is almost tangent to the limiting curve
(see Figs. 2a,b,c). The shape of KAM as well as the position of the periodic orbit on
the Poincaré sections, are obtained [6] using the averaging technique known in celestrial
mechanics as ‘Hadjidimitriou mapping’ [7].

CONCLUSIONS

In this work the motion of electrons inside a RCS is analysed. Two types of RCS are
studied, with zero or strong magnetic shear.

Numerical simulations show that, in both cases, electrons for particular initial condi-
tions can be trapped in the RCS. The trapping domain is more extended in the case of
zero shear.

With the help of Poincaré sections, we find that in the case of strong shear, both
trapped and escaping electrons mostly follow regular orbits. On the other hand, in the
case of zero shear electrons escape from the sheet following chaotic orbits while most
regular orbits are trapped.

Regular orbits can be analysed by calculating a third integral of motion. This integral
is calculated by the method of Lie-series (see [5] for the mathematical details.)

Trapped particles must be important for the self-consistency of solar RCS, (see [4]
section 5.4). They could also affect the total number of accelerated particles during solar
flares.
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