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Abstract—Hyperspectral unmixing is a crucial processing step
in remote sensing image analysis. Its aim is the decomposition of
each pixel in a hyperspectral image into a number of materials, the
so-called endmembers, and their corresponding abundance frac-
tions. Among the various unmixing approaches that have been
suggested in the literature, we are interested here in unsupervised
techniques that rely on some form of non-negative Matrix fac-
torization (NMF). NMF-based techniques provide an easy way to
simultaneously estimate the endmembers and their correspond-
ing abundances, though they suffer from mediocre performance
and high computational complexity due to the nonconvexity of the
involved cost function. Improvements in performance have been
recently achieved by imposing additional constraints to the NMF
optimization problem related to the sparsity of the abundances. An-
other feature of hyperspectral images that can be exploited is their
high spatial correlation, which is translated into the low rank of the
involved abundance matrices. Motivated by this, in this paper we
propose a novel unmixing method that is based on a simultaneously
sparse and low-rank constrained NMF. In addition, prompted by
the rapid evolution of multicore processors and graphics process-
ing units, we devise a distributed unmixing scheme that processes
in parallel different parts of the image. The proposed distributed
unmixing algorithm achieves improved performance and faster
convergence than existing state-of-the-art techniques as it is veri-
fied by extensive simulations on synthetic and real hyperspectral
data.

Index Terms—Hyperspectral unmixing, L1 -regularization, non-
negative matrix mactorization (NMF), nuclear norm, sparse
estimation.

Manuscript received September 29, 2016; revised February 4, 2017 and April
4, 2017; accepted April 4, 2017. Date of publication April 12, 2017; date of
current version May 8, 2017. This work was supported in part by the National
Observatory of Athens (in the framework of the project ARISTEIA HSI-MARS)
and in part by the University of Patras. The guest editor coordinating the review
of this manuscript and approving it for publication was Dr. Shuchin Aeron.
(Corresponding Author: Christos G. Tsinos.)

C. G. Tsinos is with the Interdisciplinary Centre for Security, Reliability
and Trust, University of Luxembourg, Luxembourg 2721, Europe (e-mail:
christos.tsinos@uni.lu).

A. A. Rontogiannis is with the Institute for Astronomy, Astrophysics, Space
Applications and Remote Sensing, National Observatory of Athens, Penteli
GR-15236, Greece (e-mail: tronto@noa.gr).

K. Berberidis is with the Department of Computer Engineering and Informat-
ics and CTI/RU8, University of Patras, Patras 26500, Greece (e-mail: berberid@
ceid.upatras.gr).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TCI.2017.2693967

I. INTRODUCTION

IN RECENT years, hyperspectral images have been exten-
sively used for earth observation and other remote sensing

applications (see [1]–[4] and references therein). In such appli-
cations usually the employed sensors have low spatial resolution
resulting in images with highly mixed spectra, i.e., the spec-
trum of each pixel is composed of the spectrums of a number
of different substances. Thus, the development of hyperspec-
tral unmixing methods is important in order to decompose the
mixed pixels into their endmembers and the corresponding frac-
tional abundances. In the literature so far, most of the existing
approaches treat the unmixing problem under the assumption of
a Linear Mixture Model (LMM). The LMM fits well in several
cases [1]–[3] and due to its simplicity, it is commonly adopted
in hyperspectral unmixing. Under this model, a pixel is viewed
as a linear combination of the endmembers’ spectral signatures
by their corresponding abundances. Moreover, the abundances
usually satisfy a non-negativity and a sum-to-one constraint.

Among the different techniques suggested so far are those
based on a proper exploitation of the geometric properties of
the constrained LMM, e.g., the premise that the observations lie
in a simplex whose vertices are the endmembers of the scene.
Representative approaches include the N-FINDR algorithm [5],
the Vertex Component Analysis [6], the Pixel Purity Index [7]
and the Simplex Growing Algorithm (SGA) [8]. The previous
schemes provide only estimates of the endmembers’ spectral
signatures, while the corresponding abundances can be esti-
mated via a Fully Constrained Least Squares (FCLS) method
[9]. Moreover, these approaches rely on the existence of pure
pixels in the image, an assumption which is in general not true
due to the low spatial resolution of the latter.

Hyperspectral unmixing algorithms that do not require the
pure pixel assumption have also been developed in the literature
with the view of improving the performance on highly mixed
data. Such approaches that are based on the geometric properties
of the constrained LMM include the Iterated Constrained End-
members (ICE) algorithm [10], the Minimum Volume Simplex
Analysis (MVSA) [11] and the Minimum-Volume Enclosing
Simplex (MVES) algorithm [12].

In a statistical framework, unsupervised hyperspectral un-
mixing can be treated as a Blind Source Separation (BSS) prob-
lem. Among the first approaches in this framework was the
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Independent Component Analysis (ICA) method of [13]. Un-
fortunately, ICA is based on the assumption that the mixed
sources (endmembers) are mutually independent, which usually
does not hold true for hyperspectral data. Departing from ICA,
a large number of unmixing techniques were proposed within
the context of the so-called Non-Negative Matrix Factorization
(NMF) [14]. NMF-based techniques decompose the data into
two non-negative matrix factors, the endmembers and the abun-
dance matrices, by solving an optimization problem subject to a
sum-to-one constraint on the pixel abundances. Therefore, they
provide a compact and simple way to estimate simultaneously
the latter matrices. Considering also that they have no require-
ment for existence of pure pixels, NMF-based techniques seem
to be very attractive for unmixing hyperspectral data. Neverthe-
less, direct application of the sum-to-one constrained NMF to
the unmixing problem usually suffers from poor estimation per-
formance due to the non-convexity of the involved cost function.
A typical solution that improves the performance is to solve the
NMF optimization problem subject to a number of additional
constraints related to the underlying structure of the hyperspec-
tral data.

Such relevant approaches impose constraints related to the ge-
ometric properties of the assumed constrained LMM [15], the
smoothness [16] and the sparsity [17], [18] of the abundances,
endmembers’ dissimilarity [19] and the manifold structure [20].
Among the aforementioned approaches, the sparsity constrained
NMF gained a lot of interest lately. Since only a subset of the
scene’s endmembers contribute to each of the pixels, the abun-
dance matrix exhibits a sparse structure [21]. The sparsity of the
abundance matrix can be imposed by incorporating a l0 regular-
izer in the cost function of the NMF optimization problem. This
results in a NP-hard optimization problem and thus, alternative
sparsity promoting reguralizers have been sought. To that end,
the performance of the l1 and l1/2 reguralizers was studied for
the NMF hyperspectral unmixing problem in [17], [18]. In [18],
the l1/2 regularized version of NMF, denoted as L1/2-NMF, is
shown to lead in general to sparser solutions than its l1 coun-
terpart [17]. Nevertheless, both these sparse approaches are in
general unstable and their performance depends heavily on the
values of the regularization parameters. Moreover, they rely on
projective gradient steps or on the well-known multiplicative
update rule [22], with both of them exhibiting very slow con-
vergence. In a different framework, a multitask sparse NMF
for hyperspectral imagery denoising was developed in [23] that
exhibits improved convergence speed and improved denoising
performance by linking the per band denoising across the spec-
tral domain in order to exploit the inherent correlations.

Aside from the sparsity of the abundance matrix, a key char-
acteristic of hyperspectral images is the high spatial correla-
tion that is mainly observed locally in the image. That is, the
abundance vectors of adjacent pixels are linearly dependent,
which results in pixel neighborhoods that correspond to low
rank abundance sub-matrices. Rank constrained optimization
problems are NP-hard to solve, so a typical approach is to re-
lax the problem by replacing the rank constraint with a nuclear
norm (l∗) regularizer in the cost function [24]. In the last years,
rank minimization techniques have been an active research field

in the signal processing literature [25], [26]. These works con-
sider the case of cost functions that involve sparse plus low rank
decompositions (sum of a low rank and a sparse matrix). Such
an approach was already considered in the context of NMF for
classification and clustering problems [27].

In the hyperspectral image literature, rank constrained tech-
niques that capture the local spatial correlation were developed
in the context of semi-supervised unmixing [28]–[31]. In semi-
supervised unmixing the hyperspectral image pixels are ex-
pressed as linear combinations of a number of pure spectral
signatures that are known in advance. Therefore, the unmix-
ing procedure boils down to determining which endmembers,
from an available library, represent better the scene and what
the proportion of their contribution is, that is their correspond-
ing abundances. To cope with the NP hardness of this problem,
[28], [29] employed linear sparse regression techniques as a
means to obtain a solution more efficiently. According to [30],
[31] the imposition of a rank regularizer in the problem can
improve significantly the unmixing performance. Especially, in
[31] a novel semi-supervised unmixing technique is developed
that imposes simultaneously a low-rank and a sparsity constraint
on the abundance matrix. It is noteworthy that there are only few
approaches in existing signal processing literature that examine
optimization problems that pose simultaneous constraints on the
structure of the involved matrices, e.g., [32]–[34].

While the local spatial correlation of the abundance matrix
has already been considered in unsupervised unmixing methods
from a Bayesian perspective [35], it has yet to be addressed as
a rank-constrained unsupervised (blind) unmixing optimization
problem in the literature. To that end, the major contribution of
the present work is the development of a NMF-based unmix-
ing scheme that imposes simultaneously low-rank and sparsity
constraints on the abundance matrix. The proposed solution is
based on the so-called Alternating Direction Method of Mul-
tipliers (ADMM) [36] which enables the estimation of both
the endmembers and abundance matrices via an iterative proce-
dure of alternating optimization steps that converges faster and
achieves better performance than the existing approaches.

Recent advances in the hyperspectral imaging field include
the development of parallel unmixing techniques that exploit the
available multi-cores in modern computational units (CPUs-
GPUs) [37], [38] to distribute the computational overhead
among the available units and thus to speed up the unmixing task.
Motivated by this, the proposed algorithm is extended so that dis-
tributed processing is enabled. The resulting technique provides
estimates of both the endmember and the abundance matrices in
a completely parallel manner and distributes the computational
overhead among the available computational units improving
further the proposed method’s speed of convergence.

The rest of the manuscript is organized as follows. In
Section II the system model is defined. In Section III the concept
of the NMF based hyperspectral unmixing problem is explained.
In Section IV, the development of the proposed algorithm is de-
scribed. In Section V, a discussion regarding the convergence of
the proposed technique is given. In Section VI, the distributed
version of the proposed technique is developed. Section VII
presents a number of simulations on both synthetic and real
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hyperspectral data that corroborate the effectiveness of the pro-
posed technique. Finally, Section VIII concludes this work.

II. SYSTEM MODEL

Let us consider a M × Q × L hyperspectral image where L
is the number of spectral bands and N = MQ is the number
of image pixels. Under the assumption that a LMM describes
adequately the underlying mixing of the observed scene, the ith
pixel of the image xi ∈ RL

+ is expressed as

xi = Asi + ei , (1)

where si ∈ RP
+ is the vector of abundance fractions correspond-

ing to the P endmembers in the scene, ei ∈ RL is the additive
noise vector and A ∈ RL×P

+ is the matrix whose columns are
the spectral signatures of the P endmembers. It is often as-
sumed that the entries of a pixel’s abundance vector add to one
(sum-to-one constraint), that is

P∑

p=1

spi = 1, (2)

where spi denotes the pth element of vector si . By stacking the
N pixels of the image in a L × N matrix X = [x1 , . . . ,xN ] the
LMM of (1) can be written in matrix form as

X = AS + E, (3)

where matrices S = [s1 , . . . , sN ] and E = [e1 , . . . , eN ], are the
horizontal concatenation of the abundances (si) and noise vec-
tors (ei), respectively.

III. NMF BASED HYPERSPECTRAL UNMIXING

In NMF based unmixing we seek two non-negative matrices
A ∈ RL×P

+ and S ∈ RP ×N
+ whose product approximates matrix

X ∈ RL×N
+ in the least squares sense by solving the following

optimization problem

(P1) : min
A ,S

1
2
‖X − AS‖2

F

s.t. A ≥ 0, S ≥ 0, 1T
P S = 1N , (4)

where 1P is the P × 1 vector of ones.
The solution of (P1) can be obtained by projective gradient

techniques or by the well-known multiplicative update rule [22].
Unfortunately, due to the non-convex nature of the cost func-
tion, the aforementioned approaches are usually trapped in local
minima resulting to poor unmixing performance.

More recently, in [17], [18] further constraints have been
imposed to the NMF optimization problem (P1) in order to
reduce the set of feasible optimal solutions. A common idea
is to exploit the sparse structure of the abundance matrix S by
adding a sparsity regularizer to the cost function of (P1). That
is,

(P2) : min
A ,S

1
2
‖X − AS‖2

F + λ‖S‖q ,

s.t. A ≥ 0, S ≥ 0, 1T
P S = 1N , (5)

where 0 < q ≤ 1, λ is a regularization parameter and

‖S‖q =
P∑

p=1

N∑

i=1

s
1/q
pi . (6)

It has been observed [18] that the selection q = 1/2 gives the
best results. The sparse structure of the abundance matrix is due
to the fact that a pixel is usually a mixture of a small subset of
the endmembers existing in the scene.

Nevertheless, the solution of a sparsity constrained NMF re-
lies heavily on the initial selection of A and S, and its per-
formance depends critically on the values of the regularization
parameters, hence in several cases the unmixing results are still
poor, as it was also stated in Section I. That is, the sparsity con-
straint cannot improve significantly the performance of simple
NMF based unmixing.

IV. SPARSITY AND LOW-RANK CONSTRAINED NMF

According to the description of the previous sections, NMF-
based techniques can be used for unmixing a hyperspectral
image in an unsupervised manner, since they can estimate si-
multaneously the abundance and endmembers matrices. While
the latter is a highly desired feature (the method does not re-
quire a dictionary with the endmembers signatures, as in semi-
supervised unmixing), it comes with poor estimation results.
Following the discussion of Section III, it is clear that the per-
formance can be improved significantly if additional structural
constraints are imposed on the NMF optimization problem (P1).
As the sparsity constraint alone offers only slight improvement
in performance, we propose here the incorporation of additional
structural constraints in the NMF optimization problem, so as to
reduce the feasible set of optimal solutions. Such a constraint is
the low rank of the abundance matrices corresponding to adja-
cent pixels, which is fully justified by the high spatial correlation
of pixels belonging to the same neighborhood [31]. In view of
this, we present in this section a new NMF-based algorithm,
which is subject to sparsity and low-rank constraints at the same
time. In the present section, the centralized version of the pro-
posed approach is presented. In the next section, the algorithm
is extended in a distributed form, enabling the use of parallel
processing units so as to speed up convergence.

Let us assume that the input image is divided into K non-
overlapping sub-images of size r × r. Let us further assume
that the abundance matrix of the kth sub-image is given by
Sk = [s(k−1)r 2 , . . . , skr 2 −1 ] with 1 ≤ k ≤ K. The columns of
Sk correspond to the sub-image’s pixels stored in vector form.
It is also straightforward to see that S = [S1 , . . . ,SK ]. The low
rank structure is usually enforced by adding a nuclear norm (l∗)
related reguralizer [24] to avoid the NP-hardness of the original
rank-constrained problem. Moreover, the sparse structure of the
abundance matrices is also exploited by adding a sparsity en-
forcing l1 regularizer [39] that relaxes in its turn the original l0
constrained problem (also NP-hard).

Thus, in order to enforce simultaneously the local low-rank
and the sparse structure to the abundance matrix Sk , we may
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minimize the following cost function

f(A,S1 , . . . ,SK ) =
1
2

K∑

k=1

‖Xk − ASk‖2
F + λ

K∑

k=1

‖Sk‖1

+ γ
K∑

k=1

‖Sk‖∗, (7)

where Xk = [x(k−1)r 2 , . . . ,xkr 2 −1 ], λ and γ are regularization
parameters,

‖Sk‖∗ =
min{P,r 2 }∑

j=1

σj (Sk ) , (8)

is the nuclear norm of matrix Sk , σj , 1 ≤ j ≤ min{P, r2} are
its corresponding (ordered) singular values and we used the
equation ‖X − AS‖2

F =
∑K

k=1 ‖Xk − ASk‖2
F . From (7) and

the initial optimization problem (P1), the unmixing problem is
re-defined as

(P3) : min
A ,S1 ,...,SK

f(A,S1 , . . . ,SK )

s.t. A ≥ 0, Sk ≥ 0, 1T
P Sk = 1r 2 . (9)

Let us now describe how to solve (P3) in (9). By introducing
the auxiliary variables C and Dk , 1 ≤ k ≤ K, the optimization
problem (P3) can be written as

(P4) : min
A ,C ,Sk ,Dk

1
2

K∑

k=1

‖Xk − ASk‖2
F + λ

K∑

k=1

‖Sk‖1

+ γ
K∑

k=1

‖Dk‖∗ +
K∑

k=1

1R+ {Dk} + 1R+ {C}

s.t. A − C = 0, Sk − Dk = 0,∀k ∈ [1,K]
(10)

where the indicator functional 1R+ {·} is 0 when the operand
matrix is positive definite and +∞, otherwise. Note that in
(P4), we have omitted the sum-to-one constraint since it con-
tradicts the l1 regularizer that appears in the cost function of the
optimization problem. Note that, by imposing the sum-to-one
constraint results in an l1 norm that is always equal to one and
thus, the impact of the corresponding regularizer on the (P4)
is canceled. Therefore, one out of the two constraints has to be
taken away from the problem. Moreover, note that the sum-to-
one constraint has been prone to strong criticisms in the relevant
literature [28], [40], [41] and thus, several sparse unmixing ap-
proaches [28], [31], [41]–[43] choose to drop this constraint, as
it is also done here.

To solve (P4) we employ the so-called Alternating Direction
Method of Multipliers (ADMM) [36]. This method is an ex-
tension of the augmented Lagrangian multiplier method [44].
ADMM first performs an alternating optimization with respect
to each one of the involved variables individually and then, it
updates the corresponding Lagrange multipliers via a gradient
based rule. For (P4), the augmented Lagrangian function is

given by

L(A,S1 , . . . ,SK ,C,D1 , . . . ,DK ,Λ,Π1 , . . . ,ΠK )

=
1
2

K∑

k=1

‖Xk − ASk‖2
F + λ

K∑

k=1

‖Sk‖1 + γ
K∑

k=1

‖Dk‖∗

+ 1R+ {C} +
K∑

k=1

1R+ {Dk} + 〈Λ,A − C〉

+
K∑

k=1

〈Πk ,Sk − Dk 〉 +
α

2
‖A − C‖2

F +
K∑

k=1

β

2
‖Sk − Dk‖2

F ,

(11)

where for two matrices W and G, 〈W,G〉 =
∑

i,j wij gij , Λ
and Πk are the L × P and P × r2 Lagrange multiplier ma-
trices respectively and α, β are scalar parameters. From now
on, we will consider β = α without loss of generality. Let
us now define S̄ = {S1 , . . . ,SK }, D̄ = {D1 , . . . ,DK } and
Π̄ = {Π1 , . . . ,ΠK } for presentation purposes. According to
the ADMM approach, the solution to the optimization problems
(P4) is given by the following alternating minimization steps

An = arg min
A

L(A, S̄n−1 ,Cn−1 , D̄n−1 ,Λn−1 , Π̄n−1)

(12)

Sk,n = arg min
Sk

L(An , S̄,Cn−1 , D̄n−1 ,Λn−1 , Π̄n−1) (13)

Cn = arg min
C

L(An , S̄n ,C, D̄n−1 ,Λn−1 , Π̄n−1) (14)

Dk,n = arg min
Dk

L(An , S̄n ,Cn , D̄,Λn−1 , Π̄n−1) (15)

Λn = Λn−1 + α(An − Cn ) (16)

Πk,n = Πk,n−1 + α (Sk,n − Dk,n ) . (17)

where n is the iteration index. Let us first consider the min-
imization problem given in (12) which can be shown to be
equivalent to

An = arg min
A

{
1
2
‖X − ASn−1‖2

F + 〈Λn−1 ,A − Cn−1〉

+
α

2
‖A − Cn−1‖2

F

}
, (18)

where Sn = [S1,n , . . . ,SK,n ]. The solution to eq. (18) is ob-
tained by taking the gradient of the cost function with respect
to A and then equating to zero, yielding

An =
(
XST

n−1 − Λn−1 + αCn−1
) (

Sn−1ST
n−1 + αIL

)−1
.

(19)
We move now to the derivation of the solution to (14). It can
be shown, that the optimization problem under consideration is
equivalent to

Cn = arg min
C

{
1R+ {C} + 〈Λn−1 ,An − C〉

+
α

2
‖An − C‖2

F

}
, (20)
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the solution of which corresponds to the projection of the matrix
An + α−1Λn−1 onto the non-negative orthant. It can be shown
that the aforementioned solution of (20) admits the following
closed form [39]

Cn = ΠR+

{
An +

1
α
Λn−1

}
, (21)

where ΠR+ {·} is the operator that projects the operand matrix
to the corresponding non-negative orthant.

Before proceeding further, let us first define some operators.
For a matrix B with Singular Value Decomposition (SVD) B =
UΣVH ∈ RD1×D2 , we define

SHRθ{B} = sgn(B) � max {|B| − θ,0} (22)

and

SV Tθ{B} = Umax {Σ − θ,0}VH , (23)

where sgn(·) is the element-wise sign operator, � is the
Hadamard product of two matrices and max{·, ·} is the element-
wise maximum of two matrices. We may now proceed to the
derivation of the solution of (13) and (15). The variables that
are updated in these equations are related to the local sub-image
abundance matrices Sk , ∀k ∈ [1,K]. Let us start with the opti-
mization problem in (13) which can be written as follows,

Sk,n = arg min
Sk

{
1
2
‖Xk − AnSk‖2

F + λ‖Sk‖1

+ 〈Πk,n−1 ,Sk − Dk,n−1〉 +
α

2
‖Sk − Dk,n−1‖2

F

}
,

(24)

The optimization problem in (24) can be solved using the
results in [39] leading to the following expression,

Sk,n = SHR λ
α

{(
AT

n An + αIP

)−1

× (
AT

n Xk − Πk,n−1 + αDk,n−1
)}

. (25)

We move now to problem (15) which is equivalent to the one
given by,

Dk,n = arg min
Dk

{
γ‖Dk‖∗ + 1R+ {Dk}

〈Πk,n−1 ,Sk,n − Dk 〉 +
α

2
‖Sk,n − Dk‖2

F

}
. (26)

From [45], it can be shown that (26) has the following closed
form solution

Dk,n = ΠR+

{
SV T γ

α

{
Sk,n +

1
α
Πk,n−1

}}
. (27)

From the above description, ADMM requires the application
of the alternating minimization steps of (12)-(17) in a cyclic
iterative manner until a convergence criterion is satisfied. Here,
the following composite criterion is used,

Algorithm 1: Sparsity and Low-Rank Constrained NMF.
Input: X, p, K, α, γ, λ, tol, Nmax

1: Initialize A and S by the VCA-FCLS techique to
A0 , S0

2: Set Λ0 and Dk,0 as zero entries matrices
3: while The criteria in (28) are not met & n ≤ Nmax do
4: An =

(
XST

n−1 − Λn−1 + αCn−1
)×

5:
(
Sn−1ST

n−1 + αIL

)−1

6: Cn = ΠR+

{
An + 1

α Λn−1
}

7: Λn = Λn−1 + α(An − Cn )
8: for 1 ≤ k ≤ K do
9: Sk,n = SHR λ

α

{(
AT

n An + αIP

)−1 ×
10:

(
AT

n Xk − Πk,n−1 + αDk,n−1
) }

11: Dk,n = ΠR+

{
SV T γ

α

{
Sk,n + 1

α Πk,n−1
}}

12: Πk,n = Πk,n−1 + α (Sk,n − Dk,n )
13: end for
14: end while
Return: A, S

|fn − fn−1 |
|fn−1 | ≤ ε1 &

‖An − Cn‖2
F ≤ ε2 &

K∑

k=1

‖Sk,n − Dk,n‖2
F ≤ ε3 (28)

where fn = ‖X − AnSn‖2
F and ε1 , ε2 and ε3 are pre-defined

tolerances. The first condition checks if the algorithm has con-
verged to a point. The second and the third ones check if the
KKT conditions are satisfied with respect to the corresponding
tolerances. Note that due to the non-convex nature of the studied
problem, it is also useful to add a constraint on the maximum
number of iterations Nmax as a stopping criterion of the iter-
ative procedure. A final issue to discuss is the initialization of
the technique which plays also an important role due to the
non-convexity of the involved cost function. The most common
approaches followed in literature are the use of random initial-
ization or VCA-FCLS initialization [6], [9]. For the simulations
presented here we adopted the latter approach since it provides
approximations close to the optimal points that usually improve
the performance of the NMF-based methods.

The proposed blind (centralized) unmixing algorithm is sum-
marized in Algorithm 1.

V. DISTRIBUTED SPARSITY AND LOW-RANK

CONSTRAINED NMF

In this section, the distributed/parallel version of the pro-
posed method is developed. The description is tailored for a
multi-core system architecture, albeit it can be easily adjusted
to a distributed one (where each processing unit is on a differ-
ent node), as it is also shown later in this section. Let us start
with the estimation of the abundance matrix S. It is noteworthy,
that given that the endmember matrix An is estimated, each
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Fig. 1. A parallel architecture with K Processing Units (PU) sharing a com-
mon memory with a Fusion Center (FC).

abundance sub-matrix, Sk,n is updated via the kth optimization
problem in (24). These K optimization problems are entirely
decoupled and thus, parallel estimation of Sk ’s in a modern
multi-core computational system (CPU and/or GPU) is quite
straightforward. In more detail, Fig. 1 shows the diagram of a
hypothetical parallel/distributed network. This network consists
of at least K processing units that share a common memory in
which the complete hyperspectral image X is stored. The K pro-
cessing units are able to access in parallel the non-overlapping
parts of the image Xk and the matrices An , Dk,n−1 and Πk,n−1
that are necessary for the update of Sk,n through (25). The de-
scription that will follow is also applicable for the case where
K ′ < K processing units are available. If this is the case, multi-
ple sub-images are handled by each processing unit, though the
gains from the parallel processing are less, since now K/K ′�1

processing steps are required for the calculation of the corre-
sponding quantities, instead of one. Note that matrices Dk,n

and Πk,n can also be updated in a parallel manner via (27) and
(17), respectively by using the processing network since, their
corresponding optimization problems are again decoupled with
respect to the optimizing variables. On the contrary, the dis-
tributed/parallel estimation of A is not a trivial task since each
sub-image involves the whole matrix and thus, its estimation
should be done jointly.

By inspecting (19), the coupling is identified in the terms
Ψn ≡ XST

n and Φn ≡ SnST
n that require the complete image

and abundance matrices for their computation. It is instructive,
to remind that each of the processing units has access to matrices
Xk and Sk,n and the aim is to distribute the computational cost
of the terms Ψn and Φn among them. To that end, the following
equations are used

Ψn =
K∑

k=1

XkST
k,n and Φn =

K∑

k=1

Sk,nST
k,n . (29)

From (29), the key point now is the computation of Φn and Ψn

in a distributed/parallel manner. Each processing unit is capable

1·� is the smallest integer greater than or equal to the given operand.

Algorithm 2: Distributed Sparsity and Low-Rank
Constrained NMF.
Input: X, p, K, α, γ, λ, tol, Nmax

1: Initialize A and S by the VCA-FCLS techique to
A0 , S0

2: Set Λ0 and Dk,0 as zero entries matrices
3: while The criteria in (28) are not met & n ≤ Nmax do
4: parfor 1 ≤ k ≤ K do

5: Sk,n = SHR λ
α

{(
AT

n−1An−1 + αIP

)−1 ×
6:

(
AT

n−1Xk − Πk,n−1 + αDk,n−1
) }

7: Dk,n = ΠR+

{
SV T γ

α

{
Sk,n + 1

α Πk,n−1
}}

8: Πk,n = Πk,n−1 + α (Sk,n − Dk,n )
9: Φk,n = Sk,nST

k,n

10: Ψk,n = XkST
k,n

11: end parfor
12: Φn =

∑K
k=1 Φk,n

13: Ψn =
∑K

k=1 Ψk,n

14: An = (Ψn − Λn−1 + αCn−1) (Φn + αIL )−1

15: Cn = ΠR+

{
An + 1

α Λn−1
}

16: Λn = Λn−1 + α(An − Cn )
17: end while
Return A, S

of computing in parallel the quantities ST
k,nSk,n and ST

k,nXk

and then, the sums in (29) can be computed in a processing
unit that plays the role of the fusion center (which can be an
additional processing unit or one out of the K existing ones, as
well), as it is shown in Fig. 1. In the system of Fig. 1, the fusion
center then uses (19), (21) and (16) to update the corresponding
variables. Note that the fusion node is also responsible for check-
ing the convergence criteria of the procedure. The distributed
version of the proposed blind unmixing method is shown in
Algorithm 2.

At the final part of this section, we describe how the pro-
posed method can be applied in distributed sensing / processing
nodes across a network [46]–[48]. Let us assume that K nodes
have sensing and processing capabilities, so each one of them
acquires an image of same dimensions that is stored in matrix
Xk , as described in Sections III-IV. If a fusion center exists, it is
straightforward to see that given that the matrix An−1 is avail-
able at each one of the nodes, matrices Sk,n , Dk,n and Πk,n

may be updated at each node in parallel, since all the required
information is locally known. Then, the quantities XkST

k,n and
Sk,nST

k,n are locally computed at each node, again and the re-
sult is forwarded to the fusion center which via (29) computes
Ψn and Φn that are later used in the global estimation of An .
Finally, the new version of An is returned to the nodes that
continue the calculations upon convergence. In the absence of
a fusion center, distributed averaging methods can be employed
for estimating Ψn and Φn [46]. Now at every iteration of the
method, each node computes local estimations of Ψn and Φn

which are then used to estimate also locally, the matrices An ,
Cn and Λn via (19), (21) and (16), respectively. In general,



166 IEEE TRANSACTIONS ON COMPUTATIONAL IMAGING, VOL. 3, NO. 2, JUNE 2017

an implementation method would depend on the parallel archi-
tecture of a multi-core system or the network infrastructure of
the distributed nodes, which are both beyond the scopes of the
present paper. In the experiments presented in Section VI, for
the sake of simplicity, we considered the multi-core structure of
Fig. 1.

VI. CONVERGENCE OF THE ALGORITHM

In this section, we present very briefly a result concerning the
convergence of the proposed algorithm. Note that in literature
so far, strong convergence results for the ADMM have been de-
rived for convex problems that involve only two sets of variables.
Moreover, strong convergence results, for non-convex problems
when the ADMM sequence is applied, are in general unknown
and the proof of convergence for such schemes remains an open
research problem. Here, the optimization problem under con-
sideration involves four blocks of variables and on top of that
the cost function is non-convex. Thus, obtaining strong con-
vergence results is an intractable task, if not impossible, and
certainly beyond the scope of the present paper.

The following lemma gives some conditions under of which
the sequence generated by the alternating minimization steps of
eqs. (12)-(17) converges to a limit point that satisfies the Karush-
Kuhn-Tucker (KKT) conditions. The proof of this Lemma can
be derived by following the analysis presented in [49].

Lemma 1: Let Zn = {An , S̄n , D̄n ,Λn ,Πn} with S̄n =
{S1,n , . . . ,SK,n} and D̄n = {D1,n , . . . ,DK,n} a sequence
generated by the alternating minimization steps of eqs. (12)-
(17). If the multiplier sequence {Λn ,Πk,n} is bounded and
satisfies

∞∑

n=0

(
‖Λn − Λn−1‖2

F +
K∑

k=1

‖Πk,n − Πk,n−1‖2
F

)
< ∞,

(30)

then Zn − Zn−1 → 0, where 0 denotes a matrix with zeros as
entries and thus, the sequence {Zn} converges to a limit point.
Furthermore, these limit points satisfy the KKT conditions (first
order optimality conditions) of (P4).

In general Lemma 1 states that if the multiplier sequence
{Λn ,Πk,n} converges to a limit point (30), then the ADMM
sequence {Zn} converges also to a limit point that satisfies the
KKT conditions of (P4).

VII. EXPERIMENTS

In this section the performance of the proposed approach
(termed “DSPLR-NMF” in the relevant figures) is evaluated
in experiments on synthetic and real hyperspectral data and
compared to the ones of the classical Projected Gradient NMF
(“PG-NMF”), the L1/2-NMF [18], the Hyperspectral Unmix-
ing Turbo-Approximate Message Passing2 (“HUT-AMP”) [35]
and the VCA [6] algorithms. Note that the experiments were
based only on the distributed version of the proposed algorithm
(Sec. V), since, as it is evident from the description given in

2We used the Matlab code which can be found in http://www2.ece.ohio-
state.edu/˜schniter/HUTAMP/HUTAMP.html

Sections IV–V, both the centralized and the distributed version
compute at each step the same quantities and update the cor-
responding variables of the optimization problem via identical
expressions and thus, they will eventually exhibit identical per-
formance. To that end, the two approaches are only compared
with respect to the required mean processing time (see Fig. 5),
so as to highlight the gains from a distributed/parallel approach.
All the experiments were executed on a cluster consisted of
eight core systems based on the Intel Xeon E5-268@2.7GHz
processor.

The evaluation/comparison is based on the Spectral Angle
Distance (SAD) and Root Mean Square Error (RMSE) metrics
defined as

SADp = arccos

(
AT

p Âp

‖Ap‖‖Âp‖

)
(31)

and

RMSEp =
(

1
N

|Sp − Ŝp |2
)1/2

, (32)

respectively, where Ap is the ground truth spectral signature of
the pth endmember and Âp its corresponding estimate and Sp

is the ground truth abundance vector of all the pixels for the pth
endmember and Ŝp its corresponding estimated vector.

A. Synthetic Data

The synthetic data experiments are based on spectral signa-
tures of endmembers chosen from the United States Geolog-
ical Survey (USGS) digital spectral library [50]. The ground
truth abundances are generated according to [15]. That is, we
divide a m2 × m2 image in m × m sub-images. Each sub-
image is initialized with the same ground cover type which
is one endmember that is selected randomly each time. Then,
a (m + 1) × (m + 1) low pass filter is applied on the image
to generate mixed pixels and force the abundances to vary
smoothly. Finally, a threshold η is used so as to increase the
mixture level of the pixels. To that end, if a pixel has an abun-
dance value that is greater than η, it is replaced by a mixture of
all the endmembers with equal abundances. Typical values for
η is between 0.6 and 1.

The outcome of the previous procedure is a synthetic hyper-
spectral image. In order to study the impact of noise on the
proposed unmixing technique, zero mean white Gaussian noise
is added to the synthetic image and the Signal-to-Noise Ratio
(SNR) is defined as

SNR = 10 log10
E{xT

n xn}
E{eT

n en} , (33)

where xn and en are defined in (1) and E{·} is the expecta-
tion operator. In the following, the results of different exper-
iments are presented in order to evaluate the performance of
the proposed approach with respect to the different involved
parameters.

In Fig. 2 the two performance metrics of (31)-(32) are
depicted for different SNR values. The simulation parame-
ters for generating the hyperspectral data are η = 0.7, m = 8.
The parameters of DSPLR-NMF are set to γ = 0.1, λ = 0.05,
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Fig. 2. Performance of the unmixing algorithms with respect to SNR on synthetic data. a) SAD and b) RMSE.

Fig. 3. Performance of the unmixing algorithms with respect to the pixel purity parameter η on synthetic data. a) SAD and b) RMSE.

α = β = 100 and r = 8, while the sparsity controlling param-
eter of L1/2-NMF is set according to the descriptions of [18].
Finally, all the tested methods are initialized by the outcome of
the VCA, the maximum allowed number of iterations is set to
3000, all of the tolerances are set to 10−6 and the results are
based on the average of 100 Monte Carlo simulations. As it is
evident, the performance of the proposed technique is clearly
superior compared to that of existing algorithms in terms of both
the SAD and the RMSE metrics.

Let us now examine the impact of the pixel purity parameter
on the performance of the tested techniques. To that end, we as-
sume the same experimental setup with the one of Fig. 2 though
now the SNR is fixed to 25 dB and parameter η varies between
0.6 and 1. The parameters of the algorithms are selected as in
the previous experiment. In Fig. 3 SAD and RMSE are plotted
with respect to η. As it was expected, all the methods present
improved performance as the pixel purity parameter increases,
with the proposed algorithm achieving the best performance in
terms of both performance metrics and for all the examined
values of η.

In Fig. 4, SAD and RMSE are plotted as the number of pixels
of the hyperspectral image increases. In this experiment, m
varies between 8 and 12, SNR = 25 dB and all remaining settings

are similar to those of the first experiment. As it is shown in the
figure, DSPLR-NMF outperforms again its competing schemes
in terms of both SAD and RMSE.

The mean processing time required by each one of the com-
peting algorithms to converge to its solution with respect to the
size of the image (number of pixels), is depicted in Fig. 5.(a).
Apart from the distributed version of the proposed algorithm
which runs on a 8-core system, the performance of the cen-
tralized one (denoted by “SPLR-NMF”) is also depicted in the
same figure. It is apparent that the proposed algorithm (both
the centralized and the distributed versions) is much faster than
PG-NMF and L1/2-NMF especially as the number of pixels
increases. The superiority of the proposed approach can be
attributed to the following facts 1) DSPLR-NMF stems from
the ADMM which appears to have good behavior for the non-
convex problem examined here whereas PG-NMF and L1/2-
NMF are based on the multiplicative update rule [22] which
in general exhibits slow convergence and 2) The proposed ap-
proach takes simultaneously into account the sparse and low
rank structure of the abundance matrix while, on the other
hand, in L1/2-NMF only the sparse structure is considered and
PG-NMF does not assume any structure (apart from the non-
negativity) of the latter matrix.
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Fig. 4. Performance of the unmixing algorithms with respect to the number of pixels on synthetic data. a) SAD and b) RMSE.

Fig. 5. CPU time of the DSPLR-NMF algorithm with respect to the number of pixels on synthetic data. a) Comparison with the other unmixing approaches
b) Performance with respect the number of the employed cores.

The new technique is also compared to the HUT-AMP al-
gorithm [35] which is based on a Bayesian approach and not
on the NMF. From Fig. 5.(a), the HUT-AMP approach presents
slightly less mean processing time than the centralized version
of the proposed approach. On the contrary, the distributed one
exploits parallelism and manages to reduce the required mean
processing time below that of the HUT-AMP. Obviously, if more
processing units were available, the processing time could be
further reduced by increasing the level of parallelism. To high-
light better the previous, the impact of the number of cores
to the CPU time required by the DSPLR-NMF is depicted in
Fig. 5.(b). There, the CPU time of the DSPLR-NMF versus the
number of pixels is plotted for 2, 4, 8 and 16 cores. In the same
figure, the CPU time of the centralized version (single core) and
of HUT-AMP are again depicted for comparison purposes. As
it is evident, an increase in the number of cores results in a de-
crease in the required CPU time of DSPLR-NMF. Note, that for
only 4 cores, the DSPLR-NMF requires CPU-time very close
(and even better for large number of pixels), to the HUT-AMP
approach. All in all, the proposed algorithms achieve signifi-
cantly improved performance compared to the HUT-AMP for

comparable if not less processing time while being at the same
time much simpler.

Let us now examine the impact of inaccurate estimation of
the number of endmembers on the performance of the unmixing
techniques under study. As it is evident from the analysis given
in Sec. II-IV, a crucial parameter for all unmixing techniques is
the number of endmembers present in the scene. This number
is, in general, unknown and usually it is estimated prior to un-
mixing by employing relevant literature methods e.g., [51]-[52].
However, these techniques may provide erroneous estimates of
the number of endmembers that may affect the performance of
unmixing algorithms. In Fig. 6 SAD and RMSE are depicted
under the experimental setup of Fig. 2, with the number of end-
members varying from 6 (which is the correct one) to 9. In
the x-axis of Fig. 6 the difference from the actual endmember
number is depicted. As it is shown, the performance of all the
algorithms degrades, as the difference to the actual endmember
number increases. It is noteworthy that the performance of the
proposed algorithm is again better under all the examined cases.

Similar conclusions with the previous experiments can be
drawn if we compare the new algorithm with the other related
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Fig. 6. Performance of the unmixing algorithms with respect to the difference to the actual endmembers number on synthetic data. a) SAD and b) RMSE.

Fig. 7. Performance of the unmixing algorithms with respect to the endmembers number on the synthetic data scene. a) SAD and b) RMSE.

unmixing schemes in case the number of endmembers in the
image increases. This is clearly shown in Fig. 7, where again
DSPLR-NMF outperforms all other related algorithms in terms
of SAD and RMSE.

In Fig. 8 we examine how the performance of the proposed
algorithm is affected by the size of the processing window r. To
that end, we vary the value of r and plot the SAD and RMSE of
DSPLR-NMF. As it is shown, the proposed algorithm appears
to be almost insensitive to the size of the window used, and so
the value of parameter r can be tuned easily in order to optimize
its performance.

We close the study on the synthetic data-set by presenting
results regarding the impact of parameters λ, γ, α and β on the
performance of the DSPLR-NMF. To that end, the experimental
set-up of Fig. 2 is once more considered, for SNR = 25 dB and
the results are produced by varying the value of the parameter
under examination (the rest of the parameters are set to fixed
values as in the experiments of Fig. 2). The SAD and RMSE
values are shown in Figs 9, 10 and 11 for the parameters λ, γ
and α = β, respectively. It is clear that, all the parameters have a
range of values that result in satisfactory unmixing performance.
Moreover, the results justify also the selection of the parameters’
values that were used in the experiments of Figs. 2–8.

B. Real Hyperspectral Data

In this subsection we evaluate the performance of the pro-
posed approach for two real hyperspectral data sets. The first
one is the well-known Indian Pines data set captured by the
Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) in
north-western Indiana. The data set consists of an 145 × 145
hyperspectral image taken in 220 bands that cover the wave-
length range 0.4 − 2.5 μm. The image spectral and spatial res-
olutions are 10nm and 17m, respectively. Two thirds of the
imaged scene are crops and almost one third is forest or other
natural vegetation. Moreover, there is a number of man-made
areas, including two highways, one railway, some buildings and
smaller roads. A false color image of the scene is shown in
Fig. 12 by assigning the 70th, 99th and 136th bands to the R,
G, and B components, respectively. A ground truth analysis of
the image is reported in [53]. The ground area is divided into
17 classes ingoring many small variations within the fields that
can be seen in the image. In order to simplify the evaluation
of the unmixing techniques, classes with similar spectral char-
acteristics are merged together resulting into the following six
typical classes: Corn which includes Corn-notill, Corn-mintill
and Corn, Wheat that includes Oat and Wheat, Natural Vegeta-
tion in which Alfalfa, Grass/Pasture, Grass/Trees and Woods are
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Fig. 8. Performance of the unmixing algorithms with respect to the processing window size on synthetic data. a) SAD and b) RMSE.

Fig. 9. Performance of the DSPLR-NMF algorithm with respect to the sparsity controlling parameter λ on synthetic data. a) SAD and b) RMSE.

Fig. 10. Performance of the DSPLR-NMF algorithm with respect to the rank controlling parameter γ on synthetic data. a) SAD and b) RMSE.

merged, Artificial Structures which includes Buildings-Grass-
Trees-Drives and Stone-Steel-Towers, Hay that includes Hay-
windrowed and Grass/Pasture-mowed and Soyebean in which
Soybin-mintill and Soybean-clean are merged.

Prior to unmixing, the 1st-4th, 78th-82nd, 103rd-115th,
148th-166th, and 211-220th bands are removed as noisy or

water-absorption bands. The resulting hyperspectral image has
169 bands left. The endmember reference signatures are ex-
tracted artificially by using the ground truth [53]. Thus, 15, 10,
20, 10, 10 and 15 pure or near pure pixels are selected which
correspond to corn, wheat, natural vegetation, man-made lands,
haystack and soybean, respectively. The reference spectral
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Fig. 11. Performance of the DSPLR-NMF algorithm with respect to the ADMM penalty parameter α = β on synthetic data. a) SAD and b) RMSE.

Fig. 12. False color image for the Indian Pines data set.

Fig. 13. Abundance maps provided by DSPLR-NMF for the Indian Pines data
set. a) Corn, b) Man-made land, c) Natural Vegetation, d) Wheat, e) Haystack
and f) Soybean.

signatures of the endmembers corresponding to each class are
computed by averaging the aforementioned observations.

The abundance maps of the six previously mentioned
endmembers-materials obtained by applying the proposed al-
gorithm are shown in Fig. 13. The parameters of the algorithm
have been set as γ = 1, λ = 0.05, α = β = 100 and r = 8. It

TABLE I
SAD RESULTS ON THE INDIAN PINES DATA SET.

DSPLR-NMF HUT-AMP L1 / 2 -NMF PG-NMF VCA

Corn 0.0574 0.1114 0.1238 0.1235 0.0980
Man-made land 0.0772 0.1457 0.2950 0.3109 0.1987
Natural Vegetation 0.0716 0.0601 0.1224 0.1639 0.1021
Wheat 0.1248 0.0647 0.2258 0.2446 0.1889
Haystack 0.0352 0.0720 0.3934 0.3660 0.2588
Soybean 0.0559 0.1087 0.1026 0.1510 0.1335
Mean 0.0704 0.0938 0.2105 0.2266 0.1633

Fig. 14. False color image for the Culprite data set.

can be verified that these results are in close agreement with
the ground truth reported in [53]. In addition, in order to quan-
titatively assess the performance of DSPLR-NMF for this real
dataset, we compare it with that of the other related unmixing al-
gorithms with respect to the SAD metric. The results are shown
in Table I, where the SAD values per endmember and their
mean are depicted for the four competing algorithms. Similar
to the previous experiments on synthetic data, the algorithms
are initialized using the VCA, the maximum allowed number
of iterations is set to 3000 and the tolerances are set to 10−6 .
As shown in Table I, DSPLR-NMF achieves the smaller SAD
values for all endmembers, clearly outperforming its rivals in a
real data scenario.
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Fig. 15. Endmembers provided by the proposed method for the Cuprite data set: a) Alunite, b) Andradite, c) Buddingtonite, d) Dumotierite, e) Kaolinite,
f) Muscovite, g) Montmorillonite, h) Nontronite, i) Pyrope and g) Sphene.

TABLE II
SAD RESULTS ON THE CULPRITE DATA SET.

DSPLR-NMF HUT-AMP L1 / 2 -NMF PG-NMF VCA

Alunite 0.1077 0.1345 0.1652 0.1260 0.1014
Andradite land 0.0744 0.0705 0.0531 0.1195 0.0733
Buddingtonite 0.0650 0.0884 0.1611 0.0882 0.1254
Dumotierite 0.0514 0.1003 0.0899 0.1798 0.0974
Kaolinite 0.1066 0.0614 0.1423 0.1853 0.2523
Muscovite 0.0593 0.1142 0.1222 0.4252 0.1360
Montmorillonite 0.1001 0.0651 0.1302 0.1220 0.1338
Nontronite 0.0649 0.0848 0.0821 0.0817 0.0942
Pyrope 0.0497 0.0923 0.0588 0.0656 0.1262
Sphene 0.1100 0.1128 0.1012 0.1540 0.0744
Mean 0.0789 0.0920 0.1106 0.1547 0.1214

The second real-world data set is the Cuprite image ac-
quired by the Airborne Visible/Infrared Imaging Spectrome-
ter (AVIRIS) sensor over the Cuprite region in South Nevada.
This regional scene contains an abundant supply of minerals
[54]. The image consists of 224 spectral bands in the range of
0.37 − 2.48 μm and the spectral resolution is 10 nm. The miner-
als appearing in the scene are highly mixed and thus this data set
is appropriate for evaluating the performance of the unmixing
algorithms. For our purposes, a hyperspectral image of dimen-
sions 250 × 192 is extracted from the original data set. A false
color image is shown in Fig. 14 by assigning the 150th, 163th
and 177th bands to the R, G, and B components, respectively.

A typical pre-processing procedure [18] was followed where
the low SNR and water-vapor absorption bands (1-2, 104-113,
148-167 and 221-224) have been removed. In [6] a number

of 14 types of minerals were identified. Nevertheless, here we
searched for a number of p = 10 endmembers since the variants
of the same mineral having slightly different spectra can be
viewed as the same endmember. The simulation parameters for
all the examined algorithms are the same to the ones used for the
experiment on the Indian Pines data set. In Fig. 15, the estimated
endmember signatures are compared to the ones of the USGS
library spectra. It is clear that the extracted signatures are very
close to the ones of the USGS library. Finally, in Table II we
compare also the performance of the proposed approach to the
one of the other methods with respect to the SAD metric (per
endmember and mean value). As it is evident, the proposed
method achieves better performance for most of the minerals in
the image.

VIII. CONCLUSION

In this paper, a novel unmixing technique has been developed
based on a simultaneously low-rank and sparsity constrained
NMF. The proposed approach exploits the sparse and low-rank
structure of the abundance matrix in order to constrain the set
of feasible optimal points of the non-convex NMF problem
and improve its performance. Moreover, the new approach was
extended in a distributed manner so as to process in parallel dif-
ferent parts of the image and improve the convergence speed in
multi-core systems. Indicative simulations on both synthetic and
real world data show that the proposed approach achieves im-
proved performance and faster convergence as compared to ex-
isting methods. Extension of the proposed work to a distributed
hyperspectral sensors scenario is currently under development.
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