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Abstract

In this paper a parametric method for estimating the unknown multipath channel impulse response (CIR) in a semi-

blind manner is proposed. The main trait of this method is that instead of seeking the whole CIR sequence, only the

unknown time delays and attenuation factors of the physical channel multipath components are estimated. The

technique is based on a suitable application of the sub-channel response matching (SRM) criterion. The resulting cost

function is separable with respect to the two sets of unknown parameters, i.e., time delays and attenuation factors, and

thus a two step optimization procedure can be applied. Concerning the first step, which is the most difficult one, it is

proven that the resulting non-linear cost function can be decoupled in terms of the respective time delay parameters.

Thus, only a small number of simple linear searches needs to be executed in order to estimate the time delays of the

multipath channel. The new method offers significant computational savings and a lower mean square estimation error

as compared to existing semi-blind channel estimation methods. It performs well even for closely-spaced delays and is

quite robust to channel overmodeling.
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1. Introduction

Multipath channel estimation is an issue of
major importance in reliable wireless communica-
tions system design. Due to the multipath phe-
nomenon in wireless applications, the introduced
InterSymbol Interference (ISI) may cause a severe
d.

www.elsevier.com/locate/sigpro


ARTICLE IN PRESS

A.A. Rontogiannis et al. / Signal Processing 85 (2005) 2394–2411 2395
degradation in a system’s performance. The
problem is much more severe in high-rate applica-
tions, since, as the symbol rate becomes higher, the
number of symbols spanned by a channel impulse
response (CIR) with a certain delay spread is
increased. Thus, an efficient and accurate estima-
tion of the CIR is highly desirable, in order to
mitigate interference and achieve reliable data
detection.

In many high-speed wireless applications, the
propagation channel can be modeled as a specular
channel consisting of a relatively small number of
dominant rays [1], with each one being character-
ized by its time delay and attenuation factor. Then,
provided that the transmitter and receiver filters
are known [2], the channel estimation task is
reduced to that of estimating the parameters of the
multipath channel components, i.e., the time
delays and the attenuation factors. Two are the
main advantages of using such a parametric
approach. First, the number of required data is
reduced, resulting in a significant saving in
complexity, processing delay and, possibly, in
bandwidth. Second, the mean square channel
estimation error is expected to be lower since a
more parsimonious parameterization of the chan-
nel is adopted, compared to conventional CIR
estimation.

In a wireless communication channel, band-
width is a precious resource, therefore the need for
training sequence reduction is imperative. Thus,
conventional training based channel estimation
methods are inappropriate, especially when the
channel span is large as in high rate applications.
On the other hand, blind channel estimation
methods require a high number of data and have
very often limited performance. In such cases semi-
blind estimation techniques may be employed
[3–6]. The main trait of a semi-blind scheme is
that a purely blind criterion is suitably modified so
as to incorporate information from a short
training sequence [3]. The performance of a semi-
blind method, if properly designed, can be
significantly improved against the corresponding
blind method.

The estimation of a multipath channel using a
parametric modeling has gained considerable
attention in recent years. Blind [7–9] as well as
training based [10–12] channel parametric estima-
tion methods have been recently proposed. These
methods either rely on preliminary estimates of the
CIR [8,10–12] or directly estimate the parameters
of the multipath channel components [7,9]. Re-
cently, parametric channel modeling has also been
applied to channel estimation in multicarrier
(OFDM) [14] and multiuser (CDMA) [15,16]
system design. In a blind context, an important
implication of parametric channel modeling is that
the channel overmodeling problem, which is
inherent in second-order statistics blind identifica-
tion algorithms, can be overcome [9]. That is,
channel parameterization with respect to delays
and attenuation factors, leads to consistent chan-
nel estimates even if the channel order is over-
estimated. However, such an improvement is
traded off with a need to perform a computation-
ally costly multidimensional search, the order of
which equals the number of multipath compo-
nents.
In this paper, we propose a novel semi-blind

technique, which exploits the specular channel
structure by incorporating the knowledge of the
pulse shaping filter. By applying the well-known
sub-channel response matching (SRM) criterion
[18] to the problem at hand and after incorporat-
ing limited input information, we end up with a
least squares (LS) problem, which is separable
with respect to the unknown parameter sets, i.e.
time delays and attenuation factors. Specifically, it
is shown that the optimization problem can be
separated to two different subproblems. One
subproblem which is non-linear with respect to
the time delays and another subproblem which is
linear with respect to the attenuation parameters.
After revealing the special structure of the non-
linear problem, a computationally efficient linear
search method for the estimation of the unknown
time delays is developed. In the sequel, the
Gauss–Newton (G–N) algorithm may be applied
in order to further improve the accuracy of the
estimated values. Finally, the attenuation para-
meters are estimated by solving a low-order linear
LS problem. The new method is very simple to
implement and achieves a lower channel estima-
tion error compared to other related methods, e.g.
[3], at a reasonable computational cost. A basic
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Fig. 1. Multichannel model.
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feature of the proposed technique is that, due to
the special form of the non-linear cost function, a
highly inefficient multidimensional search is
avoided and a small number of simple linear
searches is executed instead. Moreover, the new
method offers the possibility of trading off
performance to complexity in an easy manner
and yields good estimates even in cases of closely
spaced time delays. The performance of the new
method has been justified theoretically and tested
through extensive simulations. Some preliminary
results of this work have been presented in [17].

The paper is organized as follows. In Section 2
the multipath channel model is defined and the
problem is formulated. In Section 3 the new
method is derived and in Section 4 an efficient
version of the proposed method is described.
Performance issues of the new semi-blind techni-
que are briefly discussed in Section 5 and simula-
tion results are provided in Section 6. Concluding
remarks are presented in Section 7.
1Note that other pulse shaping functions can be used as well.
2The proposed method can easily be generalized for Ns42.
2. Problem Formulation and preliminaries

2.1. Channel model

In general, the CIR encountered in wireless
communication systems has a form which varies
significantly depending on several factors, such as
physical environment, transmission rate, mobility
etc. However a common trait in most cases,
particularly in high-speed applications, is that the
multipath channel tends to be of a discrete form
(i.e., it consists of a number of dominant multipath
components). More specifically, if the CIR is
assumed to be time invariant within a small-scale
time interval, then it may be written as [1]

hcðtÞ ¼
Xp�1
i¼0

aidðt� tiÞ, (1)

where ai and ti are the complex attenuation factor
and the delay, respectively, of the ith multipath
component. Without loss of generality, it is
assumed that t0ot1o � � �otp�1. Thus the pro-
blem of multipath CIR estimation is reduced to
the problem of delay and complex attenuation
parameters estimation, which is of smaller dimen-
sion.
Let gðtÞ be the pulse shaping filter (convolution

of transmitter and receiver filters). The overall
impulse response of the communication system is
then given as the convolution of hcðtÞ with gðtÞ, i.e.

hðtÞ ¼
Xp�1
i¼0

aigðt� tiÞ. (2)

In this paper, it is assumed that the pulse shaping
filter gðtÞ is a known raised cosine function1 and
has finite support, i.e. gðtÞ ¼ 0 for te½0; 2LgT �,
where T is the symbol period. That is, at time LgT

the raised cosine pulse attains its maximum value.
After passing through the receiver filter, the
received signal is oversampled by a factor of Ns

samples per symbol period. For simplicity, in our
derivations we take Ns ¼ 2, and hence the channel
structure, which can be described by the multi-
channel model, has the form shown in Fig. 1.2

Thus, the sampled CIR is expressed by two
vectors, one for each sub-channel, i.e. for i ¼ 1; 2

hT
i ¼ hðði�1Þ

2
TÞhðT þ ði�1Þ

2
TÞ � � � hðLT þ ði�1Þ

2
TÞ

h i
,

where LT is the span of the overall CIR (i.e.
L ¼ 2Lg þ d

tp�1

T
e � 1). It is straightforward to write

the sub-channels’ impulse responses in the form

hi ¼ GiðsÞa; i ¼ 1; 2, (3)

where s ¼ ½t0t1 � � � tp�1�
T and a ¼ ½a0a1 � � � ap�1�

T.
Finally, GiðsÞ is an ðLþ 1Þ � p matrix whose
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columns are delayed versions of gðtÞ depending on
the unknown parameters ti. Specifically this
matrix has the form

GiðtÞ ¼

gði�1
2

T � t0Þ � � � gði�1
2

T � tp�1Þ

gðT þ i�1
2

T � t0Þ . . . gðT þ i�1
2

T � tp�1Þ

..

. . .
. ..

.

gðLT þ i�1
2

T � t0Þ . . . gðLT þ i�1
2

T � tp�1Þ

2
666664

3
777775.

The goal of the proposed method is the
estimation of the unknown vectors s and a, using
a small number of information symbols, which are
assumed to be known at the receiver. After
estimating s and a, the overall CIR can be directly
computed from the parametric channel model
given in (3). In the following section, this channel
model will be exploited in order to derive an
appropriate parametric cost function for the
solution of the problem at hand.

2.2. The semi-blind parametric cost function

Let us write the sub-channels’ output samples as
follows

yiðnÞ ¼ hT
i sLðnÞ þ wiðnÞ; i ¼ 1; 2, (4)

where sTLðnÞ ¼ ½sðnÞ; sðn� 1Þ; . . . ; sðn� LÞ� is the
common input data vector and wiðnÞ stands for
the output noise of sub-channel i at time n. The
input sequence is assumed to be i.i.d. and
independent of the noise sequences.

The starting point of our derivation is the SRM
concept, which wisely exploits the multichannel
structure [18]. More specifically, in the two
channels, noise-free case, the following relation
holds

fy1g%fh2g ¼ fy2g%fh1g, (5)

where % stands for convolution and fyig; i ¼ 1; 2,
denotes the output sequence of sub-channel i.
Considering that output samples yiðkÞ;
yiðk þ 1Þ; . . . ; yiðk þN � 1Þ; i ¼ 1; 2, N4L, are
available at the receiver, (5) leads to the following
system of equations

½Y 2 � Y 1�
h1

h2

" #
¼ 0, (6)
where

Y i ¼

yiðk þ LÞ � � � yiðkÞ

yiðk þ Lþ 1Þ � � � yiðk þ 1Þ

..

. ..
. ..

.

yiðk þN � 1Þ � � � yiðk þN � L� 1Þ

2
666664

3
777775
(7)

for i ¼ 1; 2. Let us further assume that the
information symbols sðk � LÞ; sðk � Lþ

1Þ; . . . ; sðk þMÞ are known at the receiver, where
M is of the order of L and M5N. Then, if we take
into account the channel input–output equation
(4) and after ignoring for the moment the involved
noise, the system of equations in (6) can be
augmented as

Y 2 �Y 1

SML 0

0 SML

2
64

3
75 h1

h2

" #
¼

0

y1M

y2M

2
64

3
75, (8)

where yT
iM ¼ ½yiðkÞ; yiðk þ 1Þ; . . . ; yiðk þMÞ� for

i ¼ 1; 2 and

SML ¼

sðkÞ � � � sðk � LÞ

sðk þ 1Þ � � � sðk þ 1� LÞ

..

. ..
. ..

.

sðk þMÞ � � � sðk þM � LÞ

2
666664

3
777775. (9)

By imposing the channel parametric structure,
Eq. (8) can be written as

Y SGðsÞa ¼ z, (10)

where

Y S ¼

Y 2 �Y 1

SML 0

0 SML

2
664

3
775; z ¼

0

y1M

y2M

2
664

3
775,

GðsÞ ¼
G1ðsÞ

G2ðsÞ

" #
. ð11Þ

When the channel is corrupted by noise, we can
estimate the channel parameters a; s by solving the
following LS problem

min
a;s
kz� FðsÞak2; where FðsÞ ¼ Y SGðsÞ. (12)
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In the next section the form of the non-linear
cost function of (12) will be explored, in order to
reveal and take advantage of its possible salient
characteristics.
3. Derivation of the algorithm

In this section an efficient method for estimating
the multipath channel parameters is described, by
exploiting the special form of the non-linear cost
function given in (12). In particular, the cost
function is shown to possess the following two
properties. First, the optimization problem can be
split up into two subproblems in terms of the delay
and attenuation parameters, respectively. Second,
the delays are shown to be decoupled from each
other, allowing for their efficient estimation.

3.1. Separable form of the problem

It is readily seen that the non-linear LS problem
in (12) is separable with respect to the unknown
parameters s and a. In particular, the LS cost
function is non-linear with respect to the delay
parameters s and linear with respect to the
attenuation parameters a. Thus, it can be proven
[19, Chapter 9] that the optimization process can
be conducted separately with respect to the distinct
parameter sets s and a. More specifically
�
 The delay parameters s are obtained via the
solution of the following non-linear optimiza-
tion problem

sopt ¼ arg min
s
ff ðsÞg, (13)

where

f ðsÞ ¼ kðI � FðsÞFyðsÞÞzk2 (14)

and y denotes the pseudoinverse of a matrix.

�
 The attenuation parameters a are determined by

the linear LS method as (assuming that the tall
matrix FðsoptÞ is full rank)

aopt ¼ FyðsoptÞz. (15)

Note, from (13) and (14), that sopt is the value of
the delay vector, which minimizes the projection of
vector z to the orthogonal complement of the
space spanned by the columns of FðsÞ. It is readily
understood that the same vector maximizes the
projection of z to the column space of FðsÞ.
Consequently, the optimization problem of (13)
and (14) can be written in the following equivalent
form

sopt ¼ arg max
s
fF ðsÞg,

where F ðsÞ ¼ kFðsÞFyðsÞzk2. ð16Þ

We see that the most difficult part of the initial
optimization problem (12), is actually solved by
maximizing F ð�Þ in (16). A non-linear cost function
of the type of (16) could be optimized either by
performing a multidimensional search in the space
of the parameter set s or by applying a non-linear
optimization search method, e.g. a Newton type
method. In the former case the computational
burden may be prohibitive whereas in the latter the
procedure may be trapped in a local minimum,
away from the global solution. In the following
section, we show that the cost function F ð�Þ

possesses a special form and derive an efficient
and accurate method for the detection of the
optimum delay vector.

3.2. Decoupling with respect to delays

Let us start with an example and assume that
the multipath channel contains two unknown
delays, namely t0 and t1. In Fig. 2, the function
f ðsÞ is plotted versus t0; t1 for a two-ray multipath
channel. It is clear from this figure that the
optimum point is at the intersection of two
perpendicular trenches corresponding to the delays
t0 and t1. Thus, instead of performing a 2-
dimensional search, two 1-dimensional searches
are adequate for locating the global minimum.
More specifically, one can initially assign any value
to t1, within a range, and then minimize the cost
function by varying parameter t0. In the sequel,
the same procedure can be repeated for parameter
t1 after fixing the value of t0 at the optimum value
obtained from the first search. Note that, as
expected, function F ð�Þ has a similar (actually
complementary) form with f ð�Þ and hence a similar
approach can be followed.
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In the lines to follow, we generalize the concept
described above and show that under certain
conditions, which are satisfied in the applications
of interest, the cost function can be decoupled with
respect to the delay parameters. Indeed, since
FðsÞFyðsÞ is a projection operator, the cost
function F ð�Þ is written as follows

F ðsÞ ¼ kFðsÞFyðsÞzk2

¼ zHFðsÞðFHðsÞFðsÞÞ�1FHðsÞz, ð17Þ

where ð�ÞH denotes the conjugate transpose opera-
tion. By setting vðsÞ ¼ FHðsÞz, (17) is written as

F ðsÞ ¼ vHðsÞC�1ðsÞvðsÞ (18)

with

CðsÞ ¼ GTðsÞYH
S Y SGðsÞ (19)

and

vHðsÞ ¼ ½zHY Sgðt0Þ zHY Sgðt1Þ � � � zHY Sgðtp�1Þ�

¼ ½vðt0Þ vðt1Þ � � � vðtp�1Þ�, ð20Þ

where gðtiÞ is the ði � 1Þth column of GðsÞ. That is,
the ith element of vector v is a function of the
ði � 1Þth delay parameter only, for i ¼ 1; 2; . . . ; p.
Due to this form of vector v, we deduce from (18)
that F ðsÞ would be decoupled with respect to the
delay parameters, if matrix C�1ðsÞ was diagonal
and its ith diagonal element was a function of ti�1

only. Although, such an ideal case is not valid in
general, it will be shown that, under reasonable
assumptions, matrix C�1ðsÞ is strongly diagonally
dominant, i.e., its diagonal part is much ‘heavier’
than the off-diagonal part and its ith diagonal
element is approximately a function of ti�1 only.
The derivation is based on the following general
proposition, which is proven in Appendix A.

Proposition 1. Let A be an n� n matrix with

complex elements in general. Let us also assume

that its diagonal elements are all equal to one

whereas the off-diagonal entries are considered as

uncorrelated complex gaussian random variables

with zero mean and variance s2a (i.e., the real and the

imaginary part have variance s2a=2). We also assume

that ðn� 1Þs2ao1, in other words, at each row the

sum of the off-diagonal elements has a variance less

that unity. Let us next define

B ¼ QHAQ, (21)

where Q is an n�m unitary matrix, i.e., QHQ ¼ I ,
and the ratios

rA
i ¼

Pn
j¼i
jai
jai;jj

jai;ij
(22)

and

rB
i ¼

Pm
j¼1
jai
j jbi;jj

jbi;ij
, (23)

where ai;j and bi;j are the ði; jÞth elements of matrices

A and B, respectively. Then, we maintain that

meanfrB
i gp

m

n
meanfrA

i g (24)

and

varfrB
i gp

m2

n
varfrA

i g (25)

where meanf�g and varf�g denote mean value and

variance, respectively.

Comments: (a) If the ratio rA
i is smaller than or

equal to unity, for i ¼ 1; . . . ; n, then matrix A is
diagonally dominant. Moreover, the smaller than
unity these ratios are the more dominant matrix A

is. Since the off-diagonal elements of A are taken
as random variables we can only make statistical
considerations about the diagonal dominance of
this matrix. How often matrix A is dominant and
its degree of dominance depend on n and s2a. The
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important implication of relations (24) and (25) is
that for m2on the ratios rB

i , i ¼ 1; . . . ;m, have a
much smaller mean value and a smaller variance as
compared to rA

i and therefore matrix B has in
general a higher degree of dominance than matrix
A. In fact, for m5n, matrix B tends to have a
diagonal form.

(b) In the above proposition, ai;j are assumed to
be uncorrelated gaussian random variables. How-
ever, in many matrices encountered in practice, ai;j

should also be bounded. For instance, if A represents
an autocorrelation matrix then its off-diagonal
elements should have a magnitude less than or equal
to unity (which is the magnitude of the diagonal
elements). In such a case it is suitable to consider the
off-diagonal elements as truncated gaussian random
variables. Although the proposition can easily be
extended to include this case, it turns out that such
an extension is not really necessary since it has also
been assumed that ai;j have a variance much smaller
than unity, and therefore the probability to take a
value larger than unity tends to zero. Another
possible extension of the proposition is concerned
with the assumption that ai;j are uncorrelated.
Indeed, the proposition can be extended to include
the case of correlated ai;j as well as that of matrices
with a particular structure (i.e., Toeplitz). In such an
extension, it is easy to show that, the relations for the
mean values remain the same and inequality (24) is
still valid. It is, however, a more intricate task to
derive expressions for the variances and this is not
treated here any further.

Let us now return and see how Proposition 1
applies to the problem at hand. For the moment, we
assume that the multipath components are ade-
quately separated (i.e., the minimum time delay
difference between two components is greater than
T). The case of closely-spaced delays is treated at the
end of this subsection. From (11) and (19) we get

CðsÞ ¼ X ðsÞ þ V ðsÞ þUðsÞ, (26)

where

X ðsÞ ¼ GT
1 ðsÞS

H
MLSMLG1ðsÞ þ GT

2 ðsÞS
H
MLSMLG2ðsÞ,

V ðsÞ ¼ GT
1 ðsÞY

H
2 Y 2G1ðsÞ � GT

1 ðsÞY
H
2 Y 1G2ðsÞ,

UðsÞ ¼ GT
2 ðsÞY

H
1 Y 1G2ðsÞ � GT

2 ðsÞY
H
1 Y 2G1ðsÞ.
Proposition 1 can directly be applied to the two
terms of X ðsÞ. Indeed, due to the i.i.d. property of
the input symbols, their sampled autocorrelation
matrix SH

MLSML is diagonally dominant (it actually
tends to a diagonal matrix for large M). Moreover,
the columns of GiðsÞ for i ¼ 1; 2 contain shifted
versions of a raised cosine pulse shaping filter. The
inner product of two columns of GiðsÞ approx-
imates the value of the autocorrelation function of
the raised cosine pulse for a lag equal to the
difference of the corresponding time delays. The
raised cosine autocorrelation function is given in
Appendix D and is plotted in Fig. 3 for a roll-off
factor equal to 0.3 and T ¼ 1. We observe from
Fig. 3 that even for a difference as small as one
symbol period the value of the inner product is one
order of magnitude smaller than its maximum
value, which corresponds to a zero time difference.
Note also from Fig. 4 that this property is
preserved independently of the roll-off factor
value. Thus, matrices GiðsÞ, properly normalized,
have a structure which is practically close to a
unitary matrix. By taking advantage of Proposi-
tion 1, we deduce that X ðsÞ has a much larger
degree of diagonal dominance than SH

MLSML. Note
that the parameters m and n of Proposition 1 take
the values p and Lþ 1, respectively, and therefore
in relations (24) and (25) the factor m=n is very
small and even m2=n has a value smaller than unity
for the channels we consider here.
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As shown in Appendix B, the contribution of
the terms V ðsÞ and UðsÞ in the RHS of (26) is such
that the diagonally dominant structure of CðsÞ,
which is due to X ðsÞ, is preserved. More specifi-
cally, we concentrate on the matrix V ðsÞ and
show that the magnitude of its elements is
much lower compared to the magnitude of the
diagonal elements of X ðsÞ. Note that a similar
approach can also be applied for the final term
UðsÞ.

From the previous analysis, it turns out that,
CðsÞ tends to a matrix not simply diagonally
dominant but, in fact, with a very ‘heavy’ diagonal
compared to the rest part of the matrix. Due to its
special structure, matrix CðsÞ can be written as
RðI þ ~CðsÞÞ where ~CðsÞ is a matrix with a norm
much less than unity and R a complex number.
Thus, it is straightforward to show using Taylor
expansion of CðsÞ, that the inverse of this matrix,
i.e., C�1ðsÞ, possesses the same near-diagonal
structure. Furthermore, from (19) and the form
of GðsÞ, it is easily shown that each diagonal
element of CðsÞ is a function of a single delay
parameter only. Obviously, the same holds for the
diagonal elements of ~CðsÞ. Thus, from the first-
order Taylor approximation of C�1ðsÞ i.e.,
1=RðI � ~CðsÞÞ, we see that the diagonal elements
of C�1ðsÞ can also be considered dependent on
single delay parameters. As a result, cost function
F ðsÞ can be approximated by a summation of p

positive terms, each of which is a function of one
delay parameter only. Therefore, the optimization
search can be performed separately for each ti; i ¼

0; 1; . . . ; p� 1 and independently of the other
delay parameters. In other words, instead of a
p-dimensional search of exponential complexity, p

linear searches are adequate to obtain a solution
sufficiently close to the optimum one.
3.2.1. Closely-spaced delays

In case there exist two closely-spaced delays,
the near-to-unitary structure of matrices GiðsÞ; i ¼

1; 2 is violated and Proposition 1 does not apply
as accurately as before. However, by properly
extending Proposition 1 (see Appendix C), it can
be shown that the decoupling of the delay
parameters depends directly on the raised cosine
autocorrelation function and even for delay
spacings smaller than T, delay decoupling may
be preserved. In any case, the closely spaced delays
remain decoupled with respect to the other delays
and the proposed algorithm still applies by
properly adjusting the attenuation parameters.
This observation is also verified in the simulations
of Section 4.
3.3. Solution refinement using Gauss– Newton

The solution obtained from the procedure
described above, say sð0Þ, can be further improved
by applying a few steps of a G–N search method.
More specifically, starting from the cost function
in (17) the following update formula can be used
for the delay vector

sðkþ1Þ ¼ sðkÞ � mR�1ðsðkÞÞF 0ðsðkÞÞ, (27)

where the superscript ðkÞ indicates the kth iteration
step of the G–N procedure, for k ¼ 0; 1; . . . .
Parameter m is the step size of the G–N
search and F 0ð�Þ, Rð�Þ stand for the first differential
of F ð�Þ and its Hessian matrix, respectively. It
can be shown following a procedure similar to [20]
that

½F 0ðsÞ�i ¼ �EHða; sÞY S

dgðti�1Þ

dti�1
ai�1, (28)
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Table 1

Summary of the DECP method

(1) Set overestimated values L̂, p̂ for L, p, respectively.

(2) Initialize ti; i ¼ 0; 1; . . . ; p̂� 1 with distinct random

values in the interval ½0;LT �.

(3) Choose a linear search step size, d and set i ¼ 0.

(4) Maximize F ðsÞ with respect to ti. Find ti;opt by

evaluating the function at ti ¼ jd; j ¼ 0; 1; . . . ; L̂T
d

(5) Set ti ¼ ti;opt; i ¼ i þ 1 and repeat from step 3 until

i ¼ p̂.

(6) Obtain the attenuation parameters from (15).

(7) Run a G–N search in the neighborhood of sopt to

improve the estimation accuracy for parameters s and a.
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½RðsÞ�ij ¼ a�i�1
dgðti�1Þ

dti�1

� �T

YH
S ðI � FðsÞÞ

�ðFHðsÞFðsÞÞ�1FHðsÞY S

dgðtj�1Þ

dtj�1
aj�1,

ð29Þ

where ½��i and ½��i;j denote the ith and ði; jÞth
elements of F 0ðsÞ and RðsÞ, respectively, and the
error vector Eða; sÞ is given as follows

Eða; sÞ ¼ z� FðsÞa. (30)

The expressions of the derivatives in (28) and (29)
are provided in Appendix D, when a raised cosine
function is assumed for the pulse shaping filters.

The vector of attenuation parameters is recom-
puted at each iteration of the G–N search as
aðkÞ ¼ FyðsðkÞÞz. The G–N search converges to the
global optimum point, provided that sð0Þ is in
the neighborhood of this point. As a result, the
estimation accuracy is improved after running a
few steps of the G–N search.
3.4. Summary of the new semi-blind parametric

method

In order to apply the new estimation method, a
p-dimensional grid must be initially defined with a
linear step size, say d. Then, F ðsÞ is evaluated in
certain points of this grid according to the
procedure described in Section 3.2. The basic steps
of the proposed method, called hereafter de-
coupled estimation of channel parameters (DECP)
method, are summarized in Table 1.

Note that the channel length L and the number
of multipath channel components p may be
overestimated, an issue which is further discussed
C�1ðsÞ ¼

ðFH
0:p�2F0:p�2Þ

�1
þ

Fy
0:p�2/p�1/

H
p�1ðF

y

0:p�2Þ
H

/H
p�1ðI�F0:p�2F

y

0:p�2Þ/p�1

�Fy
0:p�2/p�1

/H
p�1ðI�F0:p�2F

y

0:p�2Þ/p�1

�/H
p�1ðF

y

0:p�2Þ
H

/H
p�1ðI�F0:p�2F

y

0:p�2Þ/p�1

1

/H
p�1ðI�F0:p�2F

y

0:p�2Þ/p�1

2
6664

3
7775. (33)
in Sections 5 and 6. The selection of parameter d
controls the estimation accuracy of the DECP
method. Apparently, as the size of d decreases, the
estimation accuracy of the method is improved.
4. An alternative version of the DECP method

In this section it is shown that by further
exploiting the form of F ðsÞ, an alternative equiva-
lent procedure can be developed for estimating in
an even more efficient manner the delay para-
meters. Let us first define the following quantities:

/i ¼ Y SgðtiÞ; Fi:j ¼ ½/i /iþ1 � � � /j�,

i; j ¼ 0; 1; . . . ; p� 1; jXi. ð31Þ

That is, /i is the ði þ 1Þth column of matrix FðsÞ
and Fi:j stands for its sub-matrix formed by
columns i þ 1 through j þ 1.
Based on these definitions, matrix CðsÞ given in

(19) can be written as

CðsÞ ¼
FH

0:p�2F0:p�2 FH
0:p�2/p�1

/H
p�1F0:p�2 /H

p�1/p�1

2
4

3
5. (32)

It is then straightforward to show, using the
matrix inversion lemma for partitioned matrices,
that the inverse of CðsÞ is expressed as
If we now substitute (33) in (18) and take into
consideration that vector vðsÞ can be partitioned as

vHðsÞ ¼ zH½F0:p�2 /p�1� (34)



ARTICLE IN PRESS

Table 2

Summary of the alternative DECP (DECPa) method

(1) Set overestimated values L̂, p̂ for L, p, respectively.

(2) Maximize the first term of F ðsÞ in (36) with respect to t0.
Let t0;opt be the optimum point.

(3) Substitute t0 with t0;opt in the second term of F ðsÞ and

maximize this term with respect to t1, which gives say

t1;opt as the optimum point.

(4) Repeat the same procedure (i.e., step 3) for ti ; i ¼

2; . . . ; p̂� 1 by substituting t0; . . . ; ti�1, with the

optimum values obtained in the previous steps and

maximizing the i þ 1th term of F ðsÞ with respect to ti.

(5) Obtain the attenuation parameters from (15).

(6) Run a G–N search in the neighborhood of sopt to

improve the estimation accuracy for parameters s and a.
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then after some algebra we end up with the
following expression for the cost function F ðsÞ

F ðsÞ ¼ zHF0:p�2ðFH
0:p�2F0:p�2Þ

�1FH
0:p�2z

þ
k/H

p�1ðI � F0:p�2F
y

0:p�2Þzk
2

k/H
p�1ðI � F0:p�2F

y

0:p�2Þk
2
. ð35Þ

We notice that the first term in the right-hand
side (RHS) of (35) is the cost function of order
p� 1, i.e. the cost function which arises by
assuming that the CIR consists of p� 1 compo-
nents. By further decomposing this term using the
same procedure, F ðsÞ can be written in the final
form

F ðsÞ ¼
k/H

0 zk2

k/0k
2
þ
Xp�1
i¼1

k/H
i ðI � F0:i�1F

y

0:i�1Þzk
2

k/H
i ðI � F0:i�1F

y

0:i�1Þk
2
.

(36)

We observe from the last equation that F ðsÞ

consists of p non-negative terms. The first term is
a function of t0 only and the ith term depends on
t0; . . . ; ti�1. Note that due to the non-negative
definiteness of these terms, their optimum points
would coincide with the corresponding compo-
nents of the global optimum point of F ðsÞ, if they
were independent. Although, this is not true, in
general, the decoupling of the delay parameters
discussed in Section 3.2 allows for their efficient
estimation based on the form of F ðsÞ given in (36).
As a result, F ðsÞ can be efficiently maximized
following the alternative procedure summarized in
Table 2 (so-called DECPa).
5. Performance issues

5.1. Computational complexity

It can be easily shown that the two versions of
the new method presented in Tables 1 and 2 (i.e.,
DECP and DECPa, respectively) are completely
equivalent, in terms of performance, by assuming
a perfect decoupling of the delay parameters.
However, even in practical cases, where decou-
pling is not perfect, the two algorithms perform in
a very similar manner. This has been verified by
extensive simulations, some of which are presented
in Section 6.
To compare the two algorithms in terms of

complexity, it should be taken into account that
the DECPa algorithm consists of p maximization
steps of orders 1; 2; . . . ; p, corresponding to the
increasing orders of the terms in the RHS of (36).
On the other hand, the original DECP approach,
which evaluates F ðsÞ according to (17), requires
the realization of p line searches of order p each.
More specifically, the number of elementary
operations (multiplications and additions) per
iteration of the line search is 4ðLþ 1Þ2 þ 2pðLþ

1Þ þ p3 þ p2 þ 2p for the DECP algorithm and
4ðLþ 1Þ2 þ pðLþ 1Þ þ p2=2þ p for the DECPa
algorithm. Thus, the DECPa algorithm is less
computationally demanding compared to the
DECP algorithm, with no substantial difference
in performance. In general, as far as computa-
tional complexity is concerned, there exists a trade-
off between the number of evaluation points K in
the line searches, which is a function of parameter
d (i.e., K ¼ ðLT=dÞp), and the number of iterations
of the G–N method. However, it has been
observed that by doubling the size of d (thus
reducing the number of evaluation points by half),
the number of iterations of the G–N search needs
to be increased only slightly to preserve the same
performance. Therefore, it is preferable, in most
cases, to use a relatively large value for the step
parameter d (e.g. d ¼ 0:2T) in order to achieve a
low overall computational complexity.
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5.2. Overmodeling

It is well known from the relevant literature
(e.g., [9]) that the second-order statistics (SOS)
blind channel identification algorithms suffer from
the channel overmodeling problem, i.e., their
performance dramatically deteriorates in case the
channel order is overestimated. Such a perfor-
mance degradation also arises in the blind SRM
method, which forms the basis of the approach
developed in this paper. However, two important
issues distinguish the cost function of DECP (and
DECPa) from the original SRM cost function.
First, the proposed cost-function is a semi-blind
one, thus incorporating properly the few input
samples which are assumed to be known at the
receiver. Even though the size of the ‘‘training
part’’ of the algorithm is small compared to the
size of the blind part, it is sufficient to set
constraints on the possible solutions of the initial
LS problem. Second, the parametric modeling of
the channel leads to sound channel estimates, even
if the channel order is overdetermined. Indeed, it
has been shown in [9] that the blind subspace
method [13], combined with a parametric channel
modeling, gives consistent channel estimates when
only an upper bound of the channel order is
known. The ideas presented in [9] can be directly
applied to the blind SRM method, from which the
new methods originate. The immunity of the new
semi-blind parametric technique in case of channel
overmodeling is further highlighted in the follow-
ing section, where a number of simulation results
are presented.
3Performance comparisons have been also carried out with

the semi-blind subspace (SBS) algorithm of [4], which is

representative of a different class of semi-blind techniques.

However, the RMSE of the SBS algorithm was higher even

compared with the RMSE of the semi-blind SRM method [3]

and we do not include this method in our simulations.
6. Simulation results

In this section, we investigate the performance
of the new parametric estimation method under
various conditions. The two versions of the new
method (i.e., DECP and DECPa) are compared
with the semi-blind SRM-based method presented
in [3], in which the CIR is estimated in a non-
parametric manner, using a linear combination of
a blind and a non-blind cost function. As a
comparison measure we have used the root-
mean-square-error between actual and estimated
CIRs, i.e.

RMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=PÞ

XP

k¼1

X2L

i¼1

ðhactðiÞ � hk
estðiÞÞ

2

vuut ,

where P is the number of independent experi-
ments, hactðiÞ is the ith element of the actual T=2-
spaced CIR and hk

estðiÞ is the ith element of the
estimated CIR during the kth simulation run. In
our experiments, P ¼ 100 and both CIR sequences
fhactg and fh

k
estg are normalized to have unity norm.

The input sequence was taken from a QAM-16
alphabet and the experiments have been conducted
for SNR values between 16 and 36.
In the first experiment, the CIR to be estimated

has the parameter vectors s ¼ ½0 6:11
18:17 23:34� and a ¼ ½0:9þ 0:1j � 0:31� 0:26j

�0:4� 0:3j 0:3� 0:15j�. The pulse shaping filter
is a raised cosine filter with a roll-off factor equal
to 0.3 and Lg ¼ 3, i.e. the total channel span is
L ¼ 29, assuming T ¼ 1. The number of output
and training samples used for semi-blind estima-
tion are 200 and 50, respectively (i.e. N ¼ 200 and
M ¼ 20).The linear step size d is set to 0.2. The
step size of the G–N step is also initialized to 0.2
and is reduced during execution according to an
appropriate strategy, while the total number of
G–N iterations is preset to 20. In order to verify
the validity of our approach, we first plot in Fig. 5
the mean and variance of the amplitude of CðsÞ,
where averaging is considered over all delay
parameter values that are used in the search. We
observe that CðsÞ retains a diagonally dominant
structure during the search procedure in accor-
dance with the theoretical analysis. In Fig. 6 the
RMSE of the two versions of the new parametric
semi-blind channel estimation method (i.e., DECP
and DECPa) is compared with the RMSE of the
algorithm proposed in [3] for different signal to
noise ratios (SNRs).3 To verify the need for
solution refinement we have tested the new
methods with and without the corresponding
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Fig. 5. (a) Mean and (b) variance of the amplitude of the elements of CðsÞ.
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Fig. 6. Comparison of the two versions of the new method with

semi-blind SRM.
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G–N step. As it can be readily seen, the new
methods outperform significantly the non-para-
metric semi-blind SRM method for all SNRs
considered, while they exhibit almost similar
performance. We observe that the situation is
improved for both versions of the proposed
algorithm, when the G–N step is activated even
for a small number of iterations. Taking into
account the significantly lower complexity of the
second version (i.e., DECPa), we will use this
method only in the rest comparisons.
In Fig. 7 the performance of the DECPa method

is studied in case of closely-spaced time delays.
More specifically, the delay of the third component
of the CIR considered above is set to 22.77,
resulting in a time difference equal to 0.57 symbol
periods with respect to the fourth time delay
parameter. Comparing Figs. 6 and 7 we notice that
the estimation error of the parametric method
remains unaffected.
The performance of the two methods in case of

overestimation in the channel order L and the
number of multipath components p is depicted in
Fig. 8. In this experiment, the SNR is set to 25 dB
and a number of 56 training symbols is used. Note
that the number of training symbols has been
slightly increased, in order to test the performance
of the algorithms in a wide enough range of
overmodeling values. We observe that the new
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method is only slightly affected in case of over-
modeling by one or two with respect to the number
of paths p. Furthermore, it is quite robust to
channel order over-estimation, in contrast to the
non-parametric semi-blind SRM, whose perfor-
mance deteriorates significantly as the degree of
overmodeling increases.
7. Conclusion

In this paper, we have proposed a new semi-
blind estimation algorithm that exploits the spec-
ular channel structure and a-priori knowledge of
the pulse shaping filter. The main contribution of
this work is the observation that the optimized
cost function is almost decoupled with respect to
the time delays, a fact which allows for efficient
estimation of the delay parameters. The new
method is very simple to implement, it works well
even for closely-spaced multipath components and
is quite robust to overmodeling. It provides very
good channel estimates with a very small number
of training symbols, thus achieving a significant
saving in bandwidth compared to training-based
methods. The algorithm can be used as the first
stage of an equalization module (e.g. interacting
with a decision feedback equalizer) to obtain the
transmitted data symbols [21]. The idea developed
in this paper can also be extended to multicarrier
(e.g. OFDM) systems, assuming a parametric
channel modeling [14]. These are topics under
current investigation.
Appendix A. Proof of Proposition 1

From the definition of B in (21) it can be
shown that the ði; jÞth element of B can be
written as

bi;j ¼ di;j þ ei;j, (37)

where

di;j ¼
Xn

k¼1

ak;kq�i;kqj;k (38)

and

ei;j ¼
Xn

l¼1
lar

Xn

r¼1

al;rq
�
i;lqj;r, (39)

where qi;j is the jth element of the ith column of
matrix Q, which, in turn, is denoted as qi.
Exploiting the unitarian structure of Q and the
fact that quantity di;j contains the diagonal
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elements of A, we obtain that

di;j ¼
1; i ¼ j;

0; iaj:

(
(40)

Quantity ei;j is, by definition, a sum of weighted
uncorrelated gaussian random variables (i.e., al;r

weighted by q�i;lqj;r). It can be readily shown that
ei;j is a zero mean complex gaussian random
variable with variance equal to

s2e ¼ s2a
Xn

l¼1
lar

Xn

r¼1

jq�i;l j
2jqj;rj

2. (41)

By adding in the double sum of (41) the terms for
which l ¼ r we get the inequality,

s2eps2a
Xn

l¼1

Xn

r¼1

jq�i;lj
2jqj;rj

2. (42)

To proceed further let us define matrix P as

P ¼ qjq
H
i . (43)

The Frobenious norm of matrix P equals

kPkF ¼
Xn

l¼1

Xn

r¼1

jpl;rj
2

 !1=2

¼
Xn

l¼1

Xn

r¼1

jq�i;lj
2jqj;rj

2

 !1=2

. ð44Þ

Equivalently the Frobenious norm of P is given by

kPkF ¼ ðtrðP
HPÞÞ1=2 ¼ ðtrðqiq

H
j qjq

H
i ÞÞ

1=2

¼ ðtrðqiq
H
i ÞÞ

1=2
¼ 1, ð45Þ

where trð�Þ denotes the trace of a matrix. From (44)
and (45) we get

Xn

l¼1

Xn

r¼1

jq�i;lj
2jqj;rj

2 ¼ 1. (46)

Thus using the above equation and (42) we
obtain

s2eps2a. (47)
Notice that all random variables ei;j have the
same statistical properties independently of the
indices i; j, that is, they are gaussian random
variables with zero mean and variance bounded as
in (47).
The aim now is to compare the mean values and

variances of random variables rA
i and rB

i . Starting
from the definition of rB

i in (23) and using (37) and
(40) we get

rB
i ¼

Pm
j¼1
jai
jei;jj

j1þ ei;ij
. (48)

Since ei;i in the denominator of the RHS of (48) is
a zero mean random variable with a very small
variance, we consider this variable as a negligible
perturbation to unity. Thus it suffices to compare
the numerators of rA

i and rB
i . Regarding, first, the

numerator of rA
i in (22) it can be shown, after some

mathematical manipulations, that

mean
Xn

j¼1
jai

jai;jj

8><
>:

9>=
>; ¼ ðn� 1ÞEfjai;jjg

¼ ðn� 1Þ
s2ap
4

� �1=2

ð49Þ

and

var
Xn

j¼1
jai

jai;jj

8><
>:

9>=
>; ¼ ðn� 1Þs2a

4� p
4

� �
, (50)

where for deriving the latter relation we have used
the assumption that ai;j are uncorrelated random
variables which implies that Efjai;kjjai;ljg ¼

Efjai;kjgEfjai;ljg.
Similarly the mean of the numerator of rB

i in
(48) is given by

mean
Xm

j¼1
jai

jei;jj

8><
>:

9>=
>; ¼ ðm� 1ÞEfjei;jjg

¼ ðm� 1Þ
s2ep
4

� �1=2

pðm� 1Þ
s2ap
4

� �1=2

. ð51Þ
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To derive an expression for the variance of the
numerator of rB

i it should be taken into account
that the random variables jei;jj involved in the sum
se �

Pm
j¼1
jai
jei;jj are correlated between each other.

The mean squared value of se equals

Efs2eg ¼ E
Xm

j¼1
jai

jei;jj
2

8><
>:

9>=
>;

þ 2E
X

k; sai; kas

fjei;kjjei;sjg

( )
, ð52Þ

where the second sum in the RHS of the above
relation consists of ðm� 1Þðm� 2Þ terms. Since the
statistical properties of jei;jj are independent of the
values i; j, relation (52) can be written as

Efs2eg ¼ ðm� 1ÞEfjei;jj
2g

þ ðm� 1Þðm� 2ÞEfjei;kjjei;ljg. ð53Þ

According to Schwarz’ inequality for the covar-
iance of two random variables

Efjei;kjjei;ljgpEfjei;jj
2g. (54)

Using (54) in (53) we get

Efs2egpðm� 1ÞEfjei;jj
2g þ ðm� 1Þðm� 2ÞEfjei;jj

2g

¼ ðm� 1Þ2s2e . ð55Þ

Therefore the variance of se is written as

varfseg ¼ Efs2eg � ðEfsegÞ
2

pðm� 1Þ2s2e � ðm� 1Þ2
s2ep
4

ð56Þ

or

varfsegpðm� 1Þ2s2e
4� p
4

� �

pðm� 1Þ2s2a
4� p
4

� �
. ð57Þ

Based on the expressions (49), (50), (51) and (57),
as well as on the approximation made for the
denominator of (48), the relations (24) and (25)
can be readily obtained, which was to be proved.
Appendix B. Magnitude of the elements of VðsÞ

Matrix V ðsÞ can be written as follows

V ðsÞ ¼ GT
1 ðsÞY

H
2 ðY 2G1ðsÞ � Y 1G2ðsÞÞ. (58)

In the noise-free case, the output matrices Y i; i ¼

1; 2 can be expressed as

Y i ¼ SHi (59)

S is a ðN � LÞ � ð2Lþ 1Þ input data matrix, whose
ðj þ 1Þth row is ½sðk þ Lþ jÞ sðk þ L� 1þ
jÞ � � � sðk � Lþ jÞ� for j ¼ 0; 1; . . . ;N � L� 1 and
Hi stands for the ð2Lþ 1Þ � ðLþ 1Þ convolution
matrix formed by the impulse response hi of
subchannel i, i.e., Hi is a Toeplitz matrix with
first row ½hðði�1Þ

2
TÞ 0TL� and first column ½hTi 0TL�

T,
where 0L is a L� 1 zero vector. Substituting (59)
into (58) we get

V ðsÞ ¼ GT
1 ðsÞH

H
2 SHSðH2G1ðsÞ �H1G2ðsÞÞ

� cGT
1 ðsÞH

H
2 ðH2G1ðsÞ �H1G2ðsÞÞ, ð60Þ

where we set SHS � cI and c is of the order of
N � L. Note that with proper normalization of the
initial cost function, the diagonal elements of
SH

MLSML in the expression of X ðsÞ, as well as c can
be set to 1. Thus, after ignoring c and denoting by
giðtjÞ, j ¼ 0; 1; . . . ; p� 1, the ðj þ 1Þth column of
GiðsÞ, i ¼ 1; 2, the ðk þ 1; j þ 1Þth element of V ðsÞ

is written as

½V ðsÞ�kþ1;jþ1 ¼ gT1 ðtkÞH
H
2 ðH2g1ðtjÞ

�H1g2ðtjÞÞ. ð61Þ

In the last equation, vector H2g1ðtjÞ coincides with
the convolution of vectors h2 and g1ðtjÞ. Similarly,
H1g2ðtjÞ is the convolution of h1 and g2ðtjÞ. Due to
the form of h1, h2 expressed as

h1 ¼ G1ðsÞa ¼
Xp�1
i¼0

aig1ðtiÞ,

h2 ¼ G2ðsÞa ¼
Xp�1
i¼0

aig2ðtiÞ
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after some algebraic manipulations (61) can be
written as follows

½V ðsÞ�kþ1;jþ1 ¼ gT1 ðtkÞH
H
2

Xp�1
i¼0
iaj

ai½g2ðtiÞ%g1ðtjÞ

� g1ðtiÞ%g2ðtjÞ�. ð62Þ

It is not difficult to verify that both terms
g2ðtiÞ%g1ðtjÞ and g1ðtiÞ%g2ðtjÞ in the RHS of (62)
approximate the raised cosine autocorrelation
function sampled at the same time instants, i.e.,
at ðti þ tj � T=2Þ 	 nT , where n integer. There-
fore, the difference of these terms for every i is a
vector with a norm which tends to zero. More
specifically, we can say that this norm is OðelÞ,
where e is a small positive real number with
0oeo1 and l an integer with l41. By taking
Euclidean norms on both sides of (62) and
applying the Cauchy–Schwarz inequality we get

j½V ðsÞ�kþ1;jþ1jpkg
T
1 ðtkÞH

H
2 k � kEjk � kajk, (63)

where Ej is a matrix whose columns are equal to
g2ðtiÞ%g1ðtjÞ � g1ðtiÞ%g2ðtjÞ, for i ¼ 0; 1; . . . ; p� 1,
iaj and aj comes from the attenuations’ vector a
by excluding element aj. By assuming that kak
ðkajkÞ is Oð1Þ and taking into consideration the
form of g1ðtkÞ and H2, it is easily shown that
kgT1 ðtkÞH

H
2 k is also Oð1Þ. Thus, from (63), the size

of j½V ðsÞ�kþ1;jþ1j is upper bounded by kEjk, which
is ðp� 1ÞOðelÞ. Therefore, we conclude that the
elements of V ðsÞ are much smaller than the
diagonal elements of X ðtÞ, which with proper
normalization are Oð1Þ.
Appendix C. Closely-spaced delays

Let us assume that there exist two closely spaced
delays.4 In such a case, the assumption QHQ ¼ I

in Proposition 1, has to be replaced by the
following expression

QHQ ¼ I þ E, (64)

where E is a symmetric matrix with only two non-
zero elements equal to, say, eik. With regard to the
4Generalization to more than two closely spaced delays is

straightforward.
problem at hand, eik corresponds approximately to
the value of the raised cosine autocorrelation
function with a lag equal to the time delays’
difference. It is easily verified that after following
the derivation of Appendix A with only slight
modifications, Eq. (51) is rewritten as follows

meanfrB
i g � ðm� 2Þ

s2ep
4

� �1=2

þmeanfjeik þ eikjg. ð65Þ

Since eik is Gaussian distributed with zero mean
and variance s2e , the random variable jeik þ eikj

follows a Ricean distribution. Note, however, that,
for closely spaced delays, the ratio e2ik=s

2
e is

expected to be large. In such a case, the Ricean
distribution tends to a Gaussian distribution with
mean jeikj and variance s2e . As a result, (65) takes
the final form

meanfrB
i g � ðm� 2Þ

s2ep
4

� �1=2

þ jeikj. (66)

From the above approximation we see that, the
diagonal dominance of matrix B depends mainly
on jeikj, which is the term that dominates in the
RHS of (66). Translating this back to the problem
under consideration, it turns out that the delay
decoupling depends directly on the corresponding
raised cosine autocorrelation value. From Fig. 4,
we observe that even for a delay spacing as small
as 0:5T , delay decoupling may be preserved and is
only slightly affected by the value of the roll-off
factor.
Appendix D. Autocorrelation function and

derivative of the raised-cosine function

By assuming that a raised cosine is used as a
pulse shaping function, it can be shown that its
autocorrelation function is given as follows

rRCðt1Þ ¼
sinðpt1Þ cosðprt1Þ

pt1ð1� ð2rt1Þ
2
Þ
�

cosðpt1Þ sinðprt1Þ

pt1ð4� ð2rt1Þ
2
Þ
,

where r stands for the roll-off factor. Note that the
first term in the RHS of the above equation
coincides with the raised cosine function. Further-
more, the contribution of the second term is such
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that the overall autocorrelation function very
closely resembles the raised cosine function itself.
This is also verified in Fig. 3 for r ¼ 0:3.

Concerning the derivative of the raised cosine
function, it is easily shown that the kth element of
the gradient under consideration is given by
dgðtiÞ

dti

� �
k

¼
ðr sinðpðt� tiÞÞ sinðrpðt� tiÞÞ � cosðpðt� tiÞÞ cosðrpðt� tiÞÞÞ

ðt� tiÞð1� 4r2ðt� tiÞ
2
Þ

�
ð12pr2ðt� tiÞ

2
� pÞ sinðpðt� tiÞÞ cosðrpðt� tiÞÞ

p2ðt� tiÞ
2
ð1� 4r2ðt� tiÞ

2
Þ
2

, ð67Þ
where t is related to k according to the following
relation

t ¼
ðk � 1ÞT if 1pkpLþ 1;

ðLþ 2� kÞT þ T=2 if Lþ 1pkp2ðLþ 1Þ:

(

Note that due to the restricted support of the
raised cosine function, the RHS of (67) is set to
zero for jt� tij4LgT . It is also zero for t ¼ ti,
while in the singular points ti ¼ t	 1

2r
, it can be

computed as follows

dgðtiÞ

dti

� �
k

����
ti¼t	 1

2r

¼
dgðtiÞ

dti

�
k

� ����
ti¼t	 1

2r
��

 

þ
dgðtiÞ

dti

� �
k

����
ti¼t	 1

2r
þ�

!,
2,

where � is a very small positive number.
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